Modeling of water quality in estuaries and estuarine networks (Virginia, Maryland) by Unkulvasapaul, Yothin
W&M ScholarWorks 
Dissertations, Theses, and Masters Projects Theses, Dissertations, & Master Projects 
1983 
Modeling of water quality in estuaries and estuarine networks 
(Virginia, Maryland) 
Yothin Unkulvasapaul 
College of William and Mary - Virginia Institute of Marine Science 
Follow this and additional works at: https://scholarworks.wm.edu/etd 
 Part of the Fresh Water Studies Commons 
Recommended Citation 
Unkulvasapaul, Yothin, "Modeling of water quality in estuaries and estuarine networks (Virginia, 
Maryland)" (1983). Dissertations, Theses, and Masters Projects. Paper 1539616887. 
https://dx.doi.org/doi:10.25773/v5-zvt2-y132 
This Dissertation is brought to you for free and open access by the Theses, Dissertations, & Master Projects at W&M 
ScholarWorks. It has been accepted for inclusion in Dissertations, Theses, and Masters Projects by an authorized 
administrator of W&M ScholarWorks. For more information, please contact scholarworks@wm.edu. 
INFORMATION TO USERS
This reproduction was made from a copy of a document sent to us for microfilming. 
While the most advanced technology has been used to  photograph and reproduce 
this document, the quality of the reproduction is heavily dependent upon the 
quality o f  the material submitted.
The following explanation of techniques is provided to  help clarify markings or 
notations which may appear on this reproduction.
1.The sign or “ target” for pages apparently lacking from the document 
photographed is “Missing Page(s)” . If  it was possible to  obtain the missing 
page(s) or section, they are spliced into the film along with adjacent pages. This 
may have necessitated cutting through an image and duplicating adjacent pages 
to assure complete continuity.
2. When an image on the film is obliterated with a round black mark, it is an 
indication o f either blurred copy because of movement during exposure, 
duplicate copy, o r copyrighted materials that should not have been filmed. For 
blurred pages, a good image o f the page can be found in the adjacent frame. If 
copyrighted materials were deleted, a target note will appear listing the pages in 
the adjacent frame.
3. When a map, drawing or chart, etc., is part of the material being photographed, 
a definite method o f  “sectioning” the material has been followed. It is 
customary to begin filming at the upper left hand comer of a large sheet and to 
continue from left to right in equal sections with small overlaps. If necessary, 
sectioning is continued again—beginning below the first row and continuing on 
until complete.
4. For illustrations that cannot be satisfactorily reproduced by xerographic 
means, photographic prints can be purchased at additional cost and inserted 
into your xerographic copy. These prints are available upon request from the 
Dissertations Customer Services Department.
5. Some pages in any document may have indistinct print. In all cases the best 
available copy has been filmed.
University
Microfilms
International
300 N. Zeeb Road 
Ann Arbor, Ml 48106

8407037
U nkulvasapaul, Yothin
MODELING OF WATER QUALITY IN ESTUARIES AND ESTUARINE 
NETWORKS
The College of William and Mary in Virginia Ph.D. 1983
University
Microfilms
International 300 N. Zeeb Road, Ann Arbor, Ml 48106

PLEASE NOTE:
In all c a se s  this material has been filmed in the best possible way from the available copy. 
Problems encountered with this docum ent have been identified here with a check mark V .
1. Glossy photographs or pages_______
2. Colored illustrations, paper or p rin t______
3. Photographs with dark background______
4. Illustrations are poor copy_______
5. Pages with black marks, not original copy_______
6. Print shows through as there is text on both s ides of page______
7. Indistinct, broken or small print on several pages S
8. Print exceeds margin requirem ents______
9. Tightly bound copy with print lo st in spine______
10. Computer printout pages with indistinct print______
11. Page(s)___________ lacking w hen material received, and not available from school or
author.
12. Page(s)___________ seem to b e  missing in numbering only as text follows.
13. Two pages num bered____________. Text follows.
14. Curling and wrinkled pages_______
15. Other_______________________________________________________________________
University
Microfilms
International

MODELING OF WATER QUALITY IN ESTUARIES AND ESTUARINE NETWORKS
A D is se r ta t io n  
P resen ted  to  
The F acu lty  o f  th e  School o f  Marine Science 
The College o f William and Mary in  V irg in ia
In P a r t i a l  F u lf i l lm e n t  
Of the  Requirements fo r  the  Degree o f  
Doctor of Philosophy
by
Yothin Unkulvasapaul 
1983
APPROVAL SHEET
This d i s s e r t a t i o n  is  su b m itted  in  p a r t i a l  fu l f i l lm e n t  o f  
th e  requirem ents f o r  the  degree of 
Doctor o f  Philosophy
Yothin Unkulvasapaul
Approved, October 1983
B
x lso nBruce J .
C .S . Fang
./? £
C .S . Welch
H.S. Chen, C o a s ta l  Engineering 
Research C e n te r ,  Vicksburg, Miss,
TABLE OF CONTENTS
PAGE
ACKNOWLEDGEMENTS...................    iv
LIST OF TABLES................................    v
LIST OF FIGURES............................................................................................................... v i
LIST OF SYMBOLS..............................................................................................................  x
ABSTRACT..............................................................................................................................  xx
CHAPTER 1 INTRODUCTION...........................................................................................  2
CHAPTER 2 LITERATURE REVIEW................................................................................  8
CHAPTER 3 MATHEMATICAL FORMULATION.................................................................  18
CHAPTER 4 FINITE ELEMENT FORMULATION............................................................. 42
CHAPTER 5 VERIFICATION...........................................................................................  52
CHAPTER 6 APPLICATION TO THE JAMES RIVER......................................................  62
CHAPTER 7 NETWORK FORMULATION............................................................................ 121
CHAPTER 8 APPLICATION TO THE APPOMATOX RIVER..........................................  125
CHAPTER 9 EXPLICIT INTEGRATION.......................................................................... 146
CHAPTER 10 CONCLUDING REMARKS.............................................................................. 151
APPENDIX EVALUATION OF THE ELEMENT INTEGRALS.........................................  154
REFERENCES ................................................................................................  160
VITA......................................................................................................................................  164
ACKNOWLEDGEMENTS
I  am e s p e c ia l ly  g r a t e f u l  to  Dr. H .S. Chen who provided many of the 
fundamental ideas upon which t h i s  s tudy i s  based . His constan t
encouragement, support ,  and guidance throughout t h i s  study a re  s in c e re ly  
a p p re c ia te d .
I  am a lso  very  g r a t e f u l  to  Dr. C .S . Fang fo r  h i s  genera l guidance
and fo r  making the re so u rce s  a v a i la b le  fo r  t h i s  re s e a rc h .  Special
thanks a re  due to  Dr. Bruce J .  Neilson who served as the  Chairman o f  the 
committee a f t e r  Dr. Chen's departu re  from VIMS, and to  the  r e s t  o f  the  
committee members fo r  t h e i r  c a r e fu l  review and comments on the
m anusc rip t .
S pec ia l a p p re c ia t io n  i s  extended to  Dr. C. John Klein o f the  EFA 
Chesapeake Bay Program, A nnapolis, f o r  provid ing  th e  water q u a l i ty  da ta  
fo r  the  James River s tudy ; and to  th e  f i e l d  crew o f  the  Department of 
P hysica l  Oceanography fo r  c o l le c t in g  the  da ta  fo r  the  Appomatox R iver.
Computer work was done a t  the  Computer Center o f  the C ollege  o f  
William and Mary and a t  th e  Computer C enter o f  the  V irg in ia  I n s t i t u t e  of 
Marine S c ience . Thanks a re  due to  Mr. Robert J .  Lukens and Mr. Williams 
P . Blystone f o r  th e i r  f req u en t  a s s i s ta n c e  in  computer programming.
And l a s t l y  many thanks to  my w ife  Manida who p a t i e n t ly  typed the 
manuscript on the  word p ro c e sso r ,  and fo r  her support throughout the 
s tu d y .
iv
LIST OF TABLES
Table Page
6 .1  Poin t Source Loadings fo r  the  James River (k g /d a y ) ...................  90
6 .2  Benthic R eleases f o r  Spring ( k g / d a y ) . . . ......................................   91
6 .3  Benthic Releases fo r  Early  Summer (k g /d a y ) ..............   91
6 .4  Benthic Releases f o r  Late Summer (k g /d a y ) .......................................  92
6 .5  Benthic Releases fo r  F a l l  (k g /d a y ) ..........................................    92
6 .6  C a l ib ra t io n  Param eters fo r  the  James R i v e r . . ...........................  120
7 .1  C onnec tiv ity  M a tr ix ..........................................       122
8 .1  Po in t Source Loadings fo r  the  Appomatox R iv e r ..............................  130
8 .2  N u tr ien t Export from Glebe Gut. A fte r  Sweeny (1978).................. 131
8 .3  Estimated N u tr ien t Loadings from Marshes (k g /d a y ) ...................  132
8 .4  Estim ated N u tr ien t  Loadings from Urban Runoff (k g /h a /d a y ) . . .  132
8 .5  Estim ated N u tr ien t  Loadings from Urban Runoff (k g /d a y )   133
8.6  Estim ated T o ta l  Non-point Source Loadings.......................................  134
8.7  Boundary C o n c e n tra t io n s ..............................................................................  135
8 .8  Mean T id a l  A m plitudes ..................................................................................  136
8 .9  Mean C urrent A m plitudes................     137
8 .10  C a l ib ra t io n  Param eters fo r  th e  Appomatox R i v e r . . . .    145
v
LIST OF FIGURES
Figure Page
3.1 Schematic diagram showing th e  in te r a c t io n s  of the
n in e  c o n s t i tu e n ts  in  the  w ater q u a l i ty  m odel............................   29
4.1 F i n i t e  element approxim ation to  the  exact s o l u t i o n ..................  43
5.1 Comparison o f num erical s o lu t io n  and a n a ly t i c a l  so lu t io n
o f  s u r fa c e  e le v a t io n  a t  x = L ................................................................ 55
5.2 Comparison o f num erical s o lu t io n  and a n a ly t i c a l  s o lu t io n
o f  v e lo c i ty  a t  x = 0 ...................................................................................  56
5.3 Comparison of num erical s o lu t io n s  to  a n a ly t i c a l  s o lu t io n s  of
c o n ce n tra t io n  p ropagation  u s in g  no decay r a t e ...............................  59
5 .4  Comparison o f  num erical s o lu t io n s  to  a n a ly t i c a l  s o lu t io n s  of
co n ce n tra t io n  p ropaga tion  u s in g  decay r a t e  = 0 .5  pe r  h o u r . . .  61
6.1 F resh  w ater inflow s to  the  James River m odel................................ 64
6 .2  Model segments fo r  th e  James River e s tu a r y ....................................  66
6 .3 Schematic c ro s s - s e c t io n  o f the  r i v e r .  ............................ 67
6 .4  (a )  Observed t i d a l  e le v a t io n  a t  Sandy P o in t ,  (b) Computed
t i d a l  e le v a t io n  a t  node 18 (Sandy P o i n t ) . . . . . . . . . ...................   71
6 .5  (a )  Observed t i d a l  e le v a t io n  a t  Jordan P o in t ,  (b) Computed
t i d a l  e le v a t io n  a t  node 26 (Jordan  P o i n t ) ........................................ 72
6.6  (a )  Observed t i d a l  e le v a t io n  a t  Dutch Gap, (b) Computed
t i d a l  e le v a t io n  a t  node 31 (Dutch G a p ) . . . .................    73
6.7 (a )  Observed t i d a l  e le v a t io n  a t  Richmond, (b) Computed
t i d a l  e le v a t io n  a t  node 40 (R ich m o n d ) . . .   .............................  74
6 .8  Computed cu rren t  a t  node 18 (Sandy P o i n t ) ........................    76
6 .9  Computed cu rren t a t  node 26 (Jordan  P o i n t ) .............................  76
v i
Figure  Page
6.10 Computed c u rre n t  a t  node 31 (Dutch Gap).............................................  77
6.11 Computed c u r re n t  a t  node 40 (Richmond).............................   77
6 .12  Computed vs observed s a l i n i t y  a t  node 1 (R iver m o u t h ) . . . . . . .  76
6.13 Computed vs observed s a l i n i t y  a t  node 4 (Newport News)  78
6 .1 4  Computed vs observed s a l i n i t y  a t  node 7 ( J a i l  P o i n t ) ...............  79
6 .15  Computed vs observed s a l i n i t y  a t  node 11 (Hog P o i n t ) ...............  79
6.16 Computed vs observed s a l i n i t y  a t  node 15 (Swanns P o i n t ) . . . . .  80
6.17 Computed vs observed s a l i n i t y  a t  node 18 (Sandy P o i n t )   80
6 .18  Chlorophyll nonpoint source loadings to  th e  James River
mode 1   ...........................................    82
6 .19  Organic-N nonpoint source loadings to  the  James River
model.....................................     83
6 .20  Ammonia-N nonpoint source loadings to  the  James River
mode 1 ...................................................................    84
6.21 N02~N03“N nonpoint source loadings to  the  James River
model..............................................................   85
6 .22 Organic-P nonpoint Bource loadings to  the  James River
model.............................................     86
6.23 Inorgan ic-P  nonpoint source loadings to  the  James River
mode 1 .................            87
6 .24  CB0D nonpoint source loadings to  the  James R iver
model.....................................     88
6 .25  DO D e f ic i t  nonpoint source loadings to  the  James River
model...................        89
6.26 James River s o la r  r a d ia t io n  from March 1, 1971 to  
October 31, 1971, (a )  Upper James R iver, (b) Lower
James R iver  ......................................................  93
6.27 Water tem perature  v a r ia t io n s  from March 1, 1971 to
October 31, 1 9 7 1 . . . , . ..................................................................................... 94
6.28 Computed and observed water q u a l i ty  c o n s t i tu e n ts  a t  node 4
in The James R iv e r .............................................       96
v i i
Figure Page
6.29 Computed and observed water q u a l i ty  c o n s t i tu e n ts  a t  node 9
in  The James River  ...........................      99
6.30 Computed and observed water q u a l i ty  c o n s t i tu e n ts  a t  node J?
in  The James R iv e r ..........................................................................    102
6.31 Computed and observed water q u a l i ty  c o n s t i tu e n ts  a t  node 16
in  The James R iv e r ............................................. ..................... 105
6.32 Computed and observed water q u a l i ty  c o n s t i tu e n ts  a t  node 3 9
in  The James R iv e r .....................        < J 08
6.33 Computed and observed water q u a l i ty  c o n s t i tu e n ts  a t  node 26
in  The James R iv e r ......................................................................................  I l l
6.34 Computed and observed water q u a l i ty  c o n s t i tu e n ts  a t  node 32
in  The James R iv e r .......................................  114
6.35 Computed and observed water q u a l i ty  c o n s t i tu e n ts  a t  node 40
in  The James R iv e r .........................................................................................  117
7.1 An a r b i t r a r y  channel network.  .................................. 122
7.2 Two example channel networks used in  the  model.............................. 124
8.1 L oca tion  o f sampling s ta t io n s  in  th e  Appomatox R iv e r ............... 126
8.2 Model segments f o r  th e  Appomatox R iv e r ..........................................  128
8.3 Computed vs observed Chlorophyll
c o n c e n tra t io n s ,  ( a )  North branch, (b) South b ra n c h ..................... 139
8.4 Computed vs observed Organic-N
c o n c e n tra t io n s ,  ( a )  North b ranch , (b ) South b ran ch .....................  140
8.5 Computed vs observed Ammonia-N
c o n c e n t ra t io n s ,  ( a )  North b ranch , (b ) South b r a n c h . . . ............... 141
8.6 Computed vs observed NO2-NO3-N
c o n c e n tra t io n s ,  ( a )  North b ranch , (b ) South b ra n c h .....................  142
8 .7 Computed vs observed CBOD
c o n c e n tra t io n s ,  ( a )  North b ranch , (b) South b ran ch ................  143
8.8 Computed vs observed DO
c o n c e n tra t io n s ,  ( a )  North b ranch , (b ) South b ra n c h .....................  144
9.1 Comparison o f e x p l i c i t  so lu t io n s  to  a n a ly t ic a l  so lu t io n s
u s in g  no decay r a t e ............................   148
v i i i
F ig u re  Page
9 .2  Comparison o f  e x p l i c i t  s o lu t io n s  to  a n a ly t i c a l  so lu t io n s
using decay r a t e  *= 0.5 pe r  h o u r ...................      149
ix
L IST  OF SYMBOLS
A c r o s s - s e c t io n a l  a rea
Ac core a rea  (Equation 6 .3 )
Ag s to rage  a rea  (Equation 6 .3 )
[A] an n x n m atrix  o f  t r a n s p o r t  and d isp e r s io n  e f f e c t s
(Equation 2 .6)
a a constan t d iv is io n  r a t e  o f  phytoplankton (E quation  2.1)
a amplitude o f  fo rc in g  s in e  wave (Equation  5.3)
a^ amplitude o f  the  i t h  t i d a l  c o n s t i tu e n t  (Equation 6.3)
a f i t t e d  cons tan t fo r  tem perature (Equation 6 .6 )
a^ v e lo c i ty  amplitude o f  node i  (m/hr) (Equation 8 .2 )
3^ r a t e  o f  oxygen p roduc tion  from p ho tosyn thes is  ( 1/day)
a r  r a t e  of oxygen d e p le t io n  by r e s p i r a t i o n  ( l /d a y )
B channel top width
B wL/c (Equations 5.5  and 5.6)
Bc core width (Equation 6 .1 )
Bg s to rag e  width (Equation 6 .1 )
b i n i t i a l  g raz ing  r a t e  (Equation 2 .1 )
b n i t ro g e n -c h lo ro p h y l l  r a t i o  (E quation 2.5)
b 0 .5  i s  an a r b i t r a r y  weighting f a c to r  (Equation 6 .5 )
b f i t t e d  co n s tan t  fo r  tem perature  (Equation 6 .6 )
x
t i d a l  amplitude a t  node i  (Equation 8 .1 )  
ben th ic  oxygen demand a t  20*C
2
b e n th ic  oxygen demand (gm-O^A11 /d ay )
c ro s s - s e c t io n a l  average c o n ce n tra tio n  
approxim ate s o lu tio n  o f C in  an elem ent
lo c a l  nodal c o n c e n tra tio n  va lu es  a t the  two ends o f an element
given  i n i t i a l  c o n cen tra t io n s
co lifo rm  b a c te r i a  (number/100 ml)
c h l o r o p h y l l ' s '  ( p g / 1)
o rgan ic  n i t ro g e n  (mg/1)
ammonia n i t ro g e n  (mg/1)
n i t r i t e - n i t r a t e  n itro g e n  (m g/l)
n i t r a t e  n i t ro g e n  (Equation 2 .9 )
o rg an ic  phosphorous (m g/l)
ino rgan ic  phosphorous (m g/l)
CBOD (m g/l)
d is so lv ed  oxygen d e f i c i t  (m g/l) 
s a l i n i t y  (p p t)
Chezy c o e f f i c i e n t
c o n cen tra t io n  o f  th e  i t h  water q u a l i ty  c o n s t i tu e n t  
(Equation 3 .13)
co n cen tra t io n  a t  ju n c t io n  j  (Equation 7 .1 )
Cj c o n c e n tra t io n  o f  node n e n te r in g  in to  ju n c t io n  j  (Equation  7 .1 )
c an a r b i t r a r y  r a t e  o f  in c re ase  o f  g raz ing  r a t e  (Equation 2 .1 )
c c o n c e n tra t io n  o f  a w ater q u a l i ty  c o n s t i tu e n t  (Equation 3 .5 )
c wave speed (E quations 5 .5  and 5 .6 )
c f i t t e d  co n s ta n t  f o r  tem peratu re  (Equation 6 .6 )
c "  s p a t i a l  d e v ia t io n  from the  average  c o n c e n tra t io n .
D endogenous r e s p i r a t i o n  r a t e  o f  phy top lank ton  ( 1 /day)
Dp d ea th  r a t e  o f  phy toplankton  due to  zooplankton g raz ing
(E quation  2 .3 )
Dg Secch i d isk  v i s i b i l i t y  read ing
D m o lecu lar  d i f f u s i v i t i e s  in  th e  x d i r e c t i o nx
D m o lecu lar  d i f f u s i v i t i e s  in  the  y d i r e c t i o n
y
D m olecu lar  d i f f u s i v i t i e s  in  the  z d i r e c t io nz
Dz zooplankton dea th  r a t e  (E quation  2 .4 )
E j s p a t i a l l y  vary ing  d is p e r s io n  c o e f f i c i e n t  (Equation  3.12)
E^ lo n g i tu d in a l  d is p e r s io n  c o e f f i c i e n t  (E quation  3 .9 )
E^ T a y lo r 's  d is p e r s io n  c o e f f i c i e n t  (E quation  3 .11)
d d i s ta n c e  from w ater su r fa ce  to  c e n tro id  o f  c r o s s - s e c t io nc
e 2.1718
e r f c  complementary e r r o r  fu n c tio n
F a t t e n u a t io n  o f  growth due to  non-op tim al l i g h t  (Equation 3 .15)
*Fx p re s c r ib e d  d i s p e r s iv e  f lu x  boundary c o n d it io n  a t  x
f  pho toperiod  (E quation  3.19)
x i i
f  a s s im i la t io n  e f f i c i e n c y  value ranges from 0 .4  to  0 .8
G zooplankton g raz ing  r a t e  (Equation 2.2)
G growth r a t e  o f  phytoplankton (1 /day)
Gj.fc fu n c t io n a l  r e l a t io n s h ip  o f  the  growth r a t e  (Equation 2.7)
Gp phytoplanktcn  growth r a t e  (Equation 2 .3)
Gpj growth r a t e  (E quation  2.7)
Gz zooplankton growth r a t e  (Equation 2 .4)
g g r a v i t a t i o n a l  a c c e le r a t io n
H w ater depth
I  s o la r  r a d ia t io n  (Equation 2 .3 )
I  l i g h t  in t e n s i ty  in  the  water column ( lan g ley s)
I q s u r fa c e  l ig h t  i n t e n s i t y
I  mean d a i ly  l ig h t  i n t e n s i t y  (Equation 3.19)
o
I j  average su rface  l i g h t  i n t e n s i ty  j  days e a r l i e r ,  j  * 1, 2 and 3
(Equation  3.21a)
I  t o t a l  d a i ly  s o la r  r a d ia t io n  ( la n g le y s )  (Equation 3.20)
I  s a tu r a t i n g  or op tim al l ig h t  i n t e n s i t y  ( lan g ley s)s
k decay r a t e  (Equation 5.7)
kp co lifo rm  b a c te r ia  d ie  o f f  r a t e  a t  20*C.
kg co lifo rm  b a c te r i a  d ie  o f f  r a t e  ( 1/day)
k 2 o rgan ic  n i t ro g en  to  ammonia n i t ro g e n  hy d ro ly s is  c o e f f ic ie n t
V-2 o rgan ic  n i t ro g en  to  ammonia n i t ro g e n  hy d ro ly s is  r a t e  ( 1/day)
k^ ammonia to  n i t r a t e  n i t r i f i c a t i o n  c o e f f ic ie n t  (1/day/*C)
x i i i
kg ammonia to  n i t r a t e  n i t r i f i c a t i o n  r a t e  ( 1/day)
k^ organic phosphorous to  inorganic  phosphorus conversion
c o e f f i c i e n t
k^ organic phosphorous to  ino rgan ic  phosphorous conversion r a t e
k j  CBOD o x id a t io n  r a t e  a t  20*C
k^ CBOD o x id a t io n  ra te  ( 1/day)
kg re a e ra t io n  c o e f f ic ie n t  a t  20’C
kg re a e ra t io n  r a t e  ( 1/day)
k '  l ig h t  e x t in c t io n  c o e f f i c i e n t  a t  zero ch lo ro p h y ll  co n cen tra t io n
k^ l ig h t  e x t in c t io n  c o e f f i c i e n t
k optimum growth r a t e  c o e f f i c i e n t  ( l / d a y / ’ C)
S
k Michaelis-Menton constan t fo r  t o t a l  inorganic n i tro g en
(Equation 2 .7 )
kmn Michaelis-Menton constan t fo r  inorganic  n i tro g en  (mg/l)
k  Michaelis-Menton constan t fo r  orthophosphate co n cen tra t io n
(Equation 2 .7 )
k Michaelis-Menton constan t fo r  inorganic  phosphorous (m g/l)
k^p p h o to sy n th e tic  quo tien t
kQr r e s p i r a t i o n  r a t i o
k r  endogenous r e s p i r a t i o n  c o e f f ic ie n t  ( l /d ay /* C )
k I o s b  r a t e  (Equation 3 .13)s
k zooplankton grazing c o e f f i c i e n t  ( l /d a y /* C ) .z
L length  s c a le
x iv
day len g th  (hours) (E quation  3 .20)
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(Equation 3.13)
h y d rau lic  rad ius  of th e  channel
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(Equation  2.5)
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tem perature  (Equation 2 .3 )  
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period  o f  fo rc ing  s in e  wave (E quation  5.3) 
t i d a l  p e r io d ,  12.42 h r (Equation 8 .1 )
d e te n t io n  time equal to  volume d iv ided  by flow (Equations 2.3 
to  2 .5 )
time
time o f  day (hours) (Equation 3 .20) 
su n r ise  time (hours) (Equation 3 .20 )  
days Bince January 1 s t  (Equation 3 .20)
U c r o s s - s e c t io n a l ly  averaged v e lo c i ty
v e lo c i ty  a t  node i  (E quation  6 .5 )
Oq i n i t i a l  v e lo c i ty
Uj v e lo c i ty  a t  the  ne ibou ring  node j  (Equation 6 .5 )
Ug smoothed value  of v e lo c i ty  (Equation 6 .5 )
u in s tan tan eo u s  v e lo c i ty  in  the  x d i r e c t io n  (Equation 3 .5 )
tT time average v e lo c i ty  in  the  x d i r e c t io n  (Equation 3 .6 )
u" s p a t i a l  d e v ia t io n  from th e  average v e lo c i ty  in  the  x d i r e c t io n
(Equation 3 .7 )
u '  temporal d e v ia t io n  from the  average v e lo c i ty  in  the  x d i r e c t io n
(Equation 3 .6 )
t i d a l  v e lo c i ty  a t  node i  (m/hr) (E quation 8 .2 )
V segment volume (Equation 2.5)
[V] an n x n d iagonal m a tr ix  of segment volumes (Equation 2 .6 )
v in s tan tan eo u s  v e lo c i ty  in  the  y d i r e c t i o n  (Equation 3 .5 )
v time average v e lo c i ty  in  the  y d i r e c t io n  (Equation 3 ,6 )
v" s p a t i a l  d e v ia t io n  from the  average v e lo c i ty  in  the  y d i r e c t io n
(Equation 3 .7 )
v '  temporal d e v ia t io n  from the  average v e lo c i ty  in  the  y d i r e c t io n
(Equation 3 .6 )
W input ino rgan ic  n i t ro g en  from waste d ischarge  or ru n o ff
(Equation 2 .5)
e x te rn a l  waste input loads (Equation 3 .13)
Wx wind v e lo c i ty  along th e  channel
w in s tan taneous  v e lo c i ty  in  the  z d i r e c t io n  (Equation 3 .5 )
w time average v e lo c i ty  in  th e  z d i r e c t i o n  (Equation 3 .6 )
w angular frequency (Equations 5.3 and 6 .3 )
x v i i
s p a t i a l  d e v ia t io n  from th e  average v e lo c i ty  in  the  z d i r e c t io n  
(E quation  3 .7 )
tem poral d e v ia t io n  from th e  average v e l o c i t y  in  th e  z d i r e c t io n  
(E quation  3 .6 )
d is ta n c e  along th e  channel
l o c a l  co o rd in a te s  o f  the  two ends o f an element
zooplankton c o n c e n tra t io n  (E quation  2 .4 )  
zooplankton g ra z in g  r a t e  ( 1 /day)
in f l u e n t  c o n c e n tra t io n s  o f  zooplankton (Equation  2 .4 )
d ep th  (Equation  3 .17)
wind shear s t r e s s  c o e f f i c i e n t
phase  d i f f e r e n c e  between t i d a l  c u r re n t  and t i d a l  v e lo c i ty  
(E quation  8 .1 )
tu rb u le n t  d i f f u s i v i t y  in  th e  x d i r e c t io n  (E quation3 . 6 )
s p a t i a l  mean v a lu e  of the  tu rb u le n t  d i f f u s i v i t y
tu rb u le n t  d i f f u s i v i t y  in  th e  y d i r e c t i o n  (E quation3 .6 )
t u rb u le n t  d i f f u s i v i t y  in  th e  z d i r e c t i o n  (E quation3 .6 ) 
e le v a t io n  o f  w a te r  su rface  w ith  re s p e c t  to  a h o r iz o n ta l  datum 
i n i t i a l  water s u r fa ce  e le v a t io n
as tro n o m ica l  t i d e .
approximate s o lu t io n  of n in  and element
(U2+ 4kE)'s (E quation  5.9) 
w a te r  d e n s i ty  
a i r  d e n s i ty
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w ater  d e n s i ty  (kg/m ) (E quation  3 .3 )
x v i i i
U 3.14159
X x/2E (Equation 5 .9)
6 t i d a l  phase (Equation 6 .3 )
phase d i f fe re n c e  between t i d e  a t  the mouth and node i  
(Equation 8 .1)
H t y p i c a l  water depth (Equation 4 .13)
At s iz e  o f  the  in te g ra t io n  time s te p  (Equation 4 .13)
Atc r  c r i t i c a l  time s tep  fo r  the o n se t  o f  i n s t a b i l i t y  (Equation 4 .13)
Ax ty p ic a l  g r id  s iz e  (Equation 4 .13)
x ix
ABSTRACT
A one dimensional f i n i t e  element model fo r  the  p r e d ic t io n  o f  
t r a n s ie n t  w ater  q u a l i ty  in  an e s tu a ry  i s  developed . Ten w ater q u a l i ty  
c o n s t i tu e n t s ,  s a l i n i t y ,  c o l i fo rm  b a c t e r i a ,  o rgan ic  n i t r o g e n ,  ammonia 
n i trogen  , n i t r i t e - n i t r a t e  n i t r o g e n ,  organic  phosphorous, ino rgan ic  
phosphorous, phytoplankton as measured by c h lo ro p h y l l" a " ,  DO and CBOD 
are  included in  the model. The e f f e c t s  o f  tem p era tu re ,  s o la r  r a d ia t io n  
and zooplankton p reda tion  a re  incorpora ted  in to  th e  model as e x te r n a l  
fo rcing  f u n c t io n s .  The c o n ce n tra t io n  d i s t r i b u t io n s  a re  ob ta ined  by 
so lv ing  th e  conserva tion  o f  mass equations s u c e s s iv e ly .  A compatible 
hydrodynamic model i s  a lso  developed to  p rov ide  the  d r iv in g  t r a n s p o r t  
processes  to  th e  water q u a l i t y  model.
The f i n i t e  element method i s  chosen in  th e  numerical fo rm ula tion
because o f  i t s  f l e x i b i l i t y  in  g r id  la y o u t .  Linear in te r p o la t io n
functions  a re  used fo r the  s p a t i a l  d i s c r e t i z a t i o n .  The time s c a le  o f  
the  model i s  t i d a l  t im e. The downstream boundary co n d itio n  i s  r e l a t e d  
to  the  d i r e c t io n  o f  t i d e .  On flood t id e  the  co n cen tra tio n  of the
inflowing w ater i s  p r e s c r ib e d .  On ebb t i d e  the  d is p e r s iv e  f lu x  i s
determined by th e  co n cen tra t io n  d i s t r i b u t io n  w ith in  the  e s tu a ry .
Two tim e in te g ra t io n  m ethods, t ra p e z o id a l  and e x p l i c i t  method w ith  
s p l i t  time Bcheme, are  developed . The t r a p e z o id a l  scheme i s  found to  be 
very s ta b le  and the accuracy  i s  adequate f o r  most a p p l i c a t io n s .  The 
e x p l i c i t  v e rs io n  of the  computer program is  s h o r te r  and the  execu tion  
time is  f a s t e r ,  but the  s iz e  o f  the  in te g r a t io n  time s tep  is  more 
r e s t r i c t e d .  Both ve rs ions  a re  v a l id a te d  a g a in s t  known a n a l y t i c a l  
so lu t io n s  f o r  a re c tan g u la r  channel w ith c o n s ta n t  upstream boundary 
c o n cen tra t io n s  and uniform v e l o c i t i e s .  The im p l ic i t  model was used to  
s im ula te  th e  water q u a l i ty  in  the  James R iver e s tu a ry  from March to  
October 1971. The model has a lso  been app lied  to  the  Potomac River in  
V irg in ia ,  and i s  being ap p l ie d  to  the  Chester R iver in Maryland.
A network vers ion  of th e  water q u a l i ty  model i s  a lso  developed. 
The model i s  capable o f  s im u la t in g  water q u a l i ty  in e s tu a r ie s  t h a t  have 
in te rco n n ec tin g  channels o r  e s tu a r in e  networks such as the  lower p o r t io n  
o f  the  Appomatox R iver. This model was used to  s im ula te  average water 
q u a l i ty  c o n d i t io n s  in the  Appomatox R iver.
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MODELING OF WATER QUALITY IN ESTUARIES AND ESTUARINE NETWORKS
1 INTRODUCTION
The use o f  w ater  q u a l i ty  models in th e  management o f  e s tu a r in e  
w ater q u a l i ty  i s  widely acc e p ted .  One o f  the  major needs or 
requirem ents in  e s tu a r in e  w ater q u a l i ty  management i s  th e  a b i l i t y  to  
p r e d i c t  the  e f fe c t iv e n e s s  of v a r io u s  p o l lu t io n  co n tro l  measures such as 
th e  co n s tru c t io n  o f  sewage trea tm en t p la n ts  o r  the implementation o f  
nonpoin t source c o n t r o l s .  S ince the  c o s ts  a sso c ia ted  w ith  prov id ing  
th e se  co n tro ls  a r e  very  h igh , r a t i o n a l  water q u a l i ty  management must be 
based on q u a n t i t a t iv e  assessment o f  the  c o s ts  and b e n e f i t s  o f  the  
c o n t r o l s .  A. w a ter  q u a l i ty  model is  a p re d ic t iv e  to o l  th a t  can 
inco rpo ra te  the  complexity o f  th e  re le v a n t  n a tu ra l  processes and 
c a lc u la te  the response  of the  e s tu a ry  to the  v a rious  c o n t r o l  m easures. 
Th is  inform ation can help th e  management to  make d e c is io n s  th a t  a re  
j u s t i f i e d  on a s c i e n t i f i c  b a s i s .  The models must be f r e q u e n t ly  updated 
as new inform ation on the e s tu a r in e  environment i s  a c q u ired .  The models 
muBt a lso  be r e f in e d  to g iv e  more a c c u ra te  c a lc u la t io n s  when more 
advanced lev e ls  o f  trea tm ent a re  re q u ire d .
Water q u a l i ty  modeling b eg in s  by observ ing  the n a tu r a l  p rocesses  in  
th e  e s tu a ry .  From these  o b s e rv a t io n s ,  a concep tual model d e p ic t in g  the  
major fe a tu re s  o f  the  e s tu a ry  can then be c o n s t ru c te d .  When a 
contaminant i s  in troduced  in to  an e s tu a ry ,  i t s  d is p e r s a l  i s  sub jec ted  to  
th e  combined e f f e c t s  of t r a n s p o r t  p rocesses  and biochem ical r e a c t io n  
p ro c e ss e s .  The t r a n s p o r t  p ro cesses  d e sc r ib e  the  hydrodynamic regimes
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o f  th e  w ater which spread the contaminant by ad vec tion , mixing and 
tu rb u le n t  d i f f u s io n .  The r e a c t io n  processes  desc ribe  th e  d e g rad a tio n ,  
p roduc tion  or t ransfo rm a tion  o f  th e  contaminant by v a r io u s  b iochem ical 
r e a c t io n s .  A conserva tion  o f  mass equation  which takes  in to  account 
these  f a c to r s  i s  then  developed fo r  each o f  the  water q u a l i ty  
c o n s t i tu e n ts  th a t  we wish to  s im u la te .  The question  o f  how many 
c o n s t i tu e n ts  to  s im u la te  very much depends on how much d e t a i l  i s  
re q u ire d  f o r  the  system under in v e s t ig a t i o n .  The s im p lest  model w i l l  
s im u la te  only one conse rva tive  substance such as s a l i n i t y  or suspended 
s o l i d s .  A more com plicated model w i l l  in co rp o ra te  s e v e ra l  b iochem ica lly  
i n t e r a c t i n g  su b s tan ces .
N a ja r ian  and Harleman (1975) c l a s s i f i e d  models of aq u a t ic  
ecosystems based on the  method o f  s t ru c tu r in g  o f  the  models in to  th re e  
c a te g o r ie s  : (1) Biodemographic Models. These models a re  form ulated
based upon the p r i n c i p l e  of co nse rva tion  of s p e c ie s .  They a re  concerned 
with th e  s im u la tion  o f  l i f e  cycles  of sp ec ie s  o r  in d iv id u a l  numbers. 
These models a re  used  in  f i s h e ry  management s tu d ie s .  (2) B ioenerge tic  
Models. These models are based  on the  p r in c ip le  o f  conse rva tion  o f  
energy, they  s im u la te  energy flow , energy s to ra g e  and energy d i s s ip a t io n  
p ro c e s s e s .  (3) Biogeochemical Models. These models a re  based on th e  
p r in c ip l e  of con se rv a tio n  o f  mass. They s im ula te  th e  t r a n s p o r t  and 
b iochem ica l p rocesses  o f  the  substances  th a t  we a re  in te r e s t e d  in .  Most 
en g inee ring  models t h a t  are used to  sim ulate  th e  d i s t r i b u t i o n  o f w ater 
q u a l i ty  f a l l  in to  t h i s  c l a s s .  These models u su a l ly  are not taxon 
s p e c i f i c .  Some o f  the  water q u a l i ty  c o n s t i tu e n ts  sim ulated a re  
aggregated  v a r i a b le s ,  fo r  example the t o t a l  phytoplankton biomass i s  
re p re sen ted  by the  co n ce n tra t io n  o f  ch lo ro p h y ll  ' a ' .
Biogeochemical models can be fu r th e r  c l a s s i f i e d  according  to  the  
s im p lify in g  assumptions made in  the  space and time domain. The most 
exact model would solve the  equations  in  th re e  dimensions in  space and 
r e a l  t im e . But th e  common approach i s  to  use one dimension or two 
dimensions s p a t i a l l y .  Although the  assumption of one d im en s io n a li ty  is  
not always met in  r e a l  e s t u a r i e s ,  such models have been used with good 
r e s u l t s ,  however. For most t i d a l  e s tu a r ie s  in  V irg in ia ,  a one dimen­
s io n a l  model has been found to  be s u f f i c i e n t  fo r  water q u a l i ty  a n a ly s is  
(Kuo e t  a l . ,  1979). Averaging in  the  time domain can be done over a 
time s c a le  e i t h e r  longer than or sh o r te r  than  a t i d a l  c y c le .  When the
averaging  time s c a le  is  a t i d a l  c y c le ,  i t  i s  known as a t i d a l  average o r
a s tead y  s t a t e  model. When the  time sca le  used i s  much s h o r te r  than a
t i d a l  c y c le ,  i t  i s  known as a t i d a l  time o r  r e a l  time model. The main
o b je c t io n  ag a in s t  th e  use o f  s tead y  s t a t e  models i s  th a t  they  are  not 
capable  of s im u la tin g  t ru e  mass t r a n s p o r t ;  t h i s  makes i t  d i f f i c u l t  to  
d e r iv e  r e l i a b l e  s teady  s ta t e  d is p e r s io n  c o e f f i c i e n t s .  In  an ecosystem 
model where i t  i s  important to  a cc u ra te ly  compute the  d iu rn a l  d isso lved  
oxygen (DO) and phytoplankton co n cen tra t io n s  and the  n u t r i e n t  f luxes  in  
and ou t of a reach  of e s tu a ry ,  the use  o f r e a l  time models i s  
im p e ra t iv e .
A la rge  number o f  water q u a l i t y  models has been developed in the  
p a s t .  This i s  th e  d i r e c t  r e s u l t  of the  tremendous d i v e r s i t y  in scope, 
purpose and m athem atical d e t a i l s  being  sought by the  m o d e lle rs .  The 
e s tu a r i e s  themselves d i f f e r  g r e a t l y  in t h e i r  geomorpho lo g ic a l  s t ru c tu re  
and hydrologic  reg im e. A p a r t i c u l a r  model i s  th e re fo re  lim ited  to  
c e r t a i n  a p p l ic a t io n s  only . A u n iv e rs a l  model th a t  can cover a l l  
co n d it io n s  is  no t l ik e ly  to  be developed. Traco (1971) p resen ted  an
e x c e l le n t  rev iew  o f  many e a r l i e r  water q u a l i t y  m odels . H i s t o r i c a l l y ,  
water q u a l i t y  models have emphasized th e  importance o f  d is so lv e d  oxygen 
(DO) as th e  prim ary in d ic a to r  o f  water q u a l i ty  (D a ily  and Harleman, 
1972; O'Connor 1966; Thomann, 1963) These models used th e  concept of 
carbonaceous b iochem ical oxygen demand (CBOD) to  re p re s e n t  o rgan ic
m a te r ia l s  th a t  consume DO as they  a re  degraded by b a c t e r i a .  R ecen tly  
th e re  has been a growing concern about n u t r i e n t  enrichment in  the  
e s tu a r i e s  which leads to  the  ex cess iv e  a lg ae  p o p u la t io n  and which in  
tu rn  a f f e c t s  DO le v e l  (N eilson  and Cronin, 1981). T here fo re  th e  u se  o f  
a DO model i s  no t adequate  to  d e sc r ib e  water q u a l i ty  in  th e  e s t u a r i e s .  
We need models t h a t  can s im u la te  nu tr ien t-phy top lank ton-D O  dynamics in  
o rder to  a s s e s s  th e  impact o f  n u t r i e n t  enrichment on th e  t ro p h ic  le v e l  
o f  the  e s t u a r i e s .  These models can be used to  i d e n t i f y  th e  n u t r i e n t s  
th a t  enhance e u t ro p h ic a t io n ,  and to  e s t im a te  the  amount of removal
req u ire d  to  reduce th e  e u t ro p h ic a t io n .  Phytoplankton  dynamic models a re  
o f te n  c a l l e d  phy top lank ton  models o r  ecosystem models. At p re se n t  th e re  
a re  a few phytoplanlcton dynamic models a v a i l a b l e ,  bu t most a re  e i t h e r  
s teady  s t a t e  models o r  lack  a com patib le  hydrodynamic model to  couple 
t o .  As we a re  going in to  h ig h e r  le v e l s  o f  waste  t r e a tm e n t ,  i t  i s  c l e a r
th a t  we need models t h a t  a lso  have accu ra te  hydrodynamics.
Chen (1979) developed a two-dim ensional phytoplankton  model th a t  
s im ula ted  te n  w ater q u a l i ty  c o n s t i t u e n t s .  The model i s  a r e a l  t im e, 
v e r t i c a l l y  in te g ra te d  model coupled to  a com patib le  hydrodynamic model. 
This model i s  considered  to  be one of the  most s o p h is t i c a te d  phytoplank­
ton models a t  p r e s e n t .  The in te n t  o f  t h i s  s tudy i s  to  develop a one 
dim ensional c o u n te r p a r t .  One-dimensional models a re  needed when the 
geometry o f  th e  e s tu a ry  does n o t  w arrant th e  use o f  a tw o-dim ensional
model, when th e re  i s  lack  o f  c o n s is te n t  and d e ta i led  w a te r  q u a li ty  d a ta  
needed fo r  c a l i b r a t io n ,  o r  when th e  computation c o s t  must be kept low.
The o b jec t iv e  o f  t h i s  study is  to  develop a one dim ensional w ater 
q u a l i ty  model to  s im u la te  phytoplankton dynamics in  a n a t u r a l  e s tua ry  o f
network waterways and to  develop a compatible hydrodynamic model to
couple to  the  water q u a l i ty  model.
Ten water q u a l i ty  c o n s t i tu e n ts ;  namely, s a l i n i t y ,  coliform b ac ­
t e r i a ,  ch lorophyll ' a ' ,  o rganic  n i t r o g e n ,  ammonia n i t r o g e n ,  
n i t r i t e - n i t r a t e  n i t r o g e n ,  organic phosphorus, in o rg an ic  phosphorus, 
CBOD, and DO a re  s im ula ted  in th e  model. These c o n s t i tu e n ts  a r e
commonly considered im portan t in  c u r re n t  engineering p r a c t i c e s .  Except 
fo r  s a l i n i t y  and co lifo rm  b a c t e r i a ,  a l l  o th e r  components a re  coupled.
The time sca le  used fo r  the  model i s  r e a l  time; t h i s  permits th e  
s p e c i f i c a t io n  of tim e vary ing  boundary co nd itions , tem perature , waste 
inpu ts  and o ther e x te r n a l  in p u ts .  The num erical method used to so lv e  
the s e t  o f  equations i s  th e  f i n i t e  element method (FEM). The advantages 
of th e  FEM are q u i te  w e ll  known, e s p e c ia l l y  the  v a r ia b le  mesh c a p a b i l i ty  
of th e  FEM is  very  u s e f u l  in th e  v i c i n i t y  o f  h ig h  c o n cen tra t io n
g ra d ie n ts  where a lo c a l  f in e  mesh can be used .
The one-dimensional network model has not rece ived  much a t t e n t i o n  
in th e  p a s t .  The com plicated co n d it io n  a t  the ju n c t io n s  makes a n a ly s is  
d i f f i c u l t .  But network models a re  u s e f u l  fo r  s im u la ting  g eo m etr ica l ly  
complex e s tu a r i e s .  A network e s tu a ry  i s  defined as an estuary  which 
c o n s i s t s  of sev e ra l  channels  connected in  an a r b i t r a r y  manner. An 
examples of th i s  type o f  e s tu a ry  i s  the  Appomatox R iver which has a 
com plicated network o f  channels above P o in t  of Rocks. A model fo r  th e  
Appomatox River has no t been p re v io u s ly  developed. A network model
a p a r t  from being  ab le  to  s im ula te  water q u a l i ty  in  g eo m etr ica l ly  complex 
e s t u a r i e s ,  can a lso  be used to  s im ula te  e s tu a r i e s  with channels and 
embayments.
The water q u a l i ty  model developed in  t h i s  study has been ap p lied  to  
th e  James River and the  Potomac R iver in  V irg in ia .  The model i s  a lso  
be in g  app lied  to  the  Chester R iver in Maryland. The network v e rs io n  o f 
th e  model has been app lied  to  th e  Appomatox R iver in  V irg in ia .
2 LITERATURE REVIEW
A la rg e  number o f  e s tu a r in e  w ater q u a l i ty  models has been developed 
in  the p a s t .  The models developed p r io r  to  1971 have been well 
summarized by Tracor (1 9 7 1 ) . Most o f  th ese  e a r ly  models used s im p lif ie d  
forms o f  equations  and had only one o r  two water q u a l i ty  c o n s t i tu e n t s .  
Many o f th e s e  models evolved from th e  work o f S t r e e te r  and Phelps 
(O'Connor, 1960; Thomann, 1963) In  th ese  models th e  co n cen tra t io n s  of 
d isso lved  oxygen (DO) were assumed to  be the r e s u l t  o f  two p ro cesses :  
namely, r e a e r a t io n  from th e  atmosphere and the consumption o f  DO in  the  
ox ida tion  o f  biochem ical oxygen demand (BOD). Dobbins (1964) improved 
t h i s  scheme by adding source and sink terms fo r  DO due to  
p h o to sy n th e s is ,  r e s p i r a t i o n  and b e n th ic  oxygen demands. O'Connor (1967) 
improved th e  model by in c o rp o ra t in g  th e  time v a r i a b i l i t y  and s p a t i a l  
d i s t r i b u t i o n  in to  h is  model. O'Connor and Di Toro (1970) took a fu r th e r  
step  by s e p a ra t in g  BOD in to  carbonaceous and n itogenous components (CBOD 
and NBOD). The two forms o f  BOD were a sso c ia ted  w ith  d i f f e r e n t  types of 
sewage load ings  and d i f f e r e n t  types o f  b a c t e r i a .
For marine ecosystem models, Kremer and Nixon (1978) p resen ted  a 
review of some of th e  e a r l i e r  s t u d i e s .  The e a r ly  s tu d ie s  are  of 
h i s t o r i c a l  i n t e r e s t  because a l l  o f  the  p resen t  day models a re  based on 
the  same concepts used in  these  p ioneering  developm ents. Fleming 
(1939), as d esc r ibed  by Kremer and Nixon (1 9 7 8 ) , s tud ied  seasonal 
changes in  phytoplankton  popu la tion  le v e l s  in the  E ng lish  channel using
9th e  d i f f e r e n t i a l  equation
4£- «= P [a  -  (b + c t ) ] ( 2 . 1)
where
P = biomass of phytop lank ton , 
t  = t im e ,
a = a c o n s ta n t  d iv i s io n  r a t e  o f  phytoplankton , 
b = i n i t i a l  grazing r a t e  and
c = an a r b i t r a r y  r a t e  o f  in c rease  o f  grazing  r a t e .
This s im ple  d i f f e r e n t i a l  equation  r e l a t e s  the  r a t e  of change of 
phytoplankton popu la tions  to  the biomass of phytoplankton P , to  the
co n s tan t  d iv i s io n  ra te  a ,  and to a g raz in g  r a t e  w ith  an i n i t i a l  va lue  b
and an a r b i t r a r y  ra te  o f  in c re ase  c .  This formula assumes a homogeneous 
re g io n  and no advective p ro c e sse s .  Except fo r  th e  a d d i t io n a l  term c ,
F lem ing 's  d e s c r ip t io n  was e s s e n t i a l l y  id e n t i c a l  to  the fo rm ulations
g iv en  e a r l i e r  by Lotka (1 9 2 5 ) , V o lte rra  (1926), and o th e r s .
Al60 as described  by Kremer and Nixon (1978), R iley  (1946) proposed
a model to  s tu d y  the annual phytoplankton dynamics on Georges Bank based
on the equation
f  -  r<Fh -  K - « (2 .2 )
where
P = phytoplankton p o p u la t io n ,
t  B t im e
P^ *= dep th  averaged p h o to sy n th es is  r a te
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R » endogenous r e s p i r a t i o n  r a t e  o f  phytoplankton and 
G = zooplankton graz ing  r a t e .
The pbytoplankton and zooplankton co n cen tra t io n s  a re  expressed as 
grams o f  carbon p e r  u n i t  a rea  to  re p re se n t  the  depth-averaged concen tra ­
t io n s  over the  euphotic  zone. A major improvement in  R i l e y 's  
fo rm ulat ion  i s  th a t  i t  a ttem pted  to  r e l a t e  the  growth, r e s p i r a t i o n  and 
g raz ing  r a t e s  to  o th e r  environmental v a r ia b le s  such as l i g h t  and 
tem pera tu re .
F u r th e r  p rogress  in  th e  phytoplankton model s t r u c tu r e  has been made 
by the  in t ro d u c t io n  o f  Michaelis-Menton re a c t io n  k i n e t i c s .  The 
Michaelis-Menton k in e t ic s  were used by Chen (1970) and by
Di Toro e t  a l .  (1970) who p re sen ted  an e a r ly  v e rs ion  o f  a dynamic phyto­
p lankton  model. The model c o n s is te d  of th e  fo llowing equations
= T3- + G (N ,I,T )P  -  D (Z,T)P -  £  (2 .3 )d t t Q p p t Q
| |  - | a  t  Ge ( P ) Z  -  Dz (T )Z  - f  ( 2 . 4 )
o o
ig .  = Ss. _ bG (N ,I,T)P + S(P,Z,T) -  —  + £  (2 .5 )a t  t  p t vo o
where
P = phytoplankton c h l o r o p h y l l ' s '  in  mg/1 dry w eight,
Gp = phytoplankton growth r a t e ,
N -  ino rgan ic  n i t ro g e n ,
I  = s o la r  r a d ia t io n ,
T = tem pera tu re ,
S *= ino rgan ic  n i tro g en  from d ea th  o f  zooplankton and 
phytop lank ton ,
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V = segment volume,
D = death  r a t e  o f  phytoplankton due to  zooplankton grazing and 
^ endogenous r e s p i r a t i o n  r a t e ,
Z = zooplankton c o n ce n tra t io n ,
G e zooplankton growth r a t e ,  z
Dz = zooplankton d ea th  r a t e ,
b = n i t ro g e n -c h lo ro p h y l l  r a t i o ,
W = inpu t ino rgan ic  n i tro g en  from waste d ischarge  o r  ru n o f f ,
t Q = d e ten t io n  time equal to  volume d iv ided  by flow and
P , Z , N = the r e s p e c t iv e  in f lu e n t  co n cen tra t io n s  o f  phytoplank- 
s I o n ,Szooplankton and ino rgan ic  n i t r o g e n .
This form o f equation  re p re se n ts  a completely mixed system in  a 
volume segment, th e re fo re  s p a t i a l  d i s t r i b u t i o n s  w ith in  a segment and 
i n t e r t i d a l  v a r i a b i l i t y  can not be s im u la ted .
L a te r ,  Thomann e t  a l .  (1974) and Di Toro e t  a l .  (1977) p resen ted  a 
sequence o f  p ro g re s s iv e ly  more complex v e rs io n s  which were more d e ta i l e d  
in  bo th  t h e i r  s p a t i a l  and k in e t i c  s t r u c t u r e s .  The v e rs io n  p resen ted  by 
Thomann e t  a l .  (1974) was th e  P re lim inary  Potomac Estuary  Phytoplankton 
Model. This model inc luded nine in te r a c t in g  v a r i a b l e s .  The genera l  
m a tr ix  equation  fo r  the  phytoplankton system under a f i n i t e  d if f e re n c e  
approximation was given by
= [A]{P> + [VHS } (2 .6 )d t p
where
{P} = an n x 1 phytoplankton c h l o r o p h y l l ' s '  v e c to r ,
[A] = an n x n m atr ix  o f t r a n s p o r t  and d isp e rs io n  e f f e c t s ,
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[V] = an n x n  diagonal m a t r ix  o f  segment volumes,
{Sp} = an n x 1 v ec to r  of so u rc e  terms and
n = number o f  segments.
The s p a t i a l  d i s t r i b u t i o n  was achieved by d iv id in g  the  w a ter  body 
in t o  a number o f  segments, w i th  each segment volume t r e a t e d  as com­
p l e t e l y  mixed and th e  tra n sp o r t  and d isp e rs io n  between ad jac e n t  segments 
g iv e n  by the m a tr ix  [A]; but no d e t a i l s  about t h i s  m atrix  were g iven  in 
th e  p aper .  The phytoplankton growth r a t e  in  each segment j  was 
c a lc u la te d  by
Gpj ■ CI t ( I ,T , f ,H ,k >  l!m+nNln ( 2 ‘7)
where
Gpj = growth r a t e ,
GI t  = the f u n c t io n a l  r e l a t i o n s h i p  of the  growth r a t e  and so la r  
r a d i a t i o n  I ,  pho toperiod  f ,  water tem pera tu re  T, d e p th  H, and 
l ig h t  e x t in c t io n  c o e f f i c i e n t  k ,
Nin *= the t o t a l  inorganic n i t r o g e n ,
kjjm = Michaelis-Menton c o n s ta n t  fo r  t o t a l  in o rg a n ic  n i t r o g e n ,
Np2 = o r thophosphate  c o n c e n tra t io n  and
kmp = M ichaelis-Menton c o n s ta n t  fo r  o r thophosphate  c o n c e n t ra t io n .
The model in co rp o ra ted  th e  ammonia n i t r o g e n  p re fe re n c e  of 
phytoplankton  u p ta k e  by m u l t ip ly in g  the  ammonia n i t ro g e n  u p tak e  r a t e  by 
a  p re fe re n ce  f a c t o r  P ,  and the  u p ta k e  of n i t r a t e  n i t ro g e n  by th e  fa c to r  
(1  -  P ) , where
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(2 .8 )
and
N2 = ammonia n i t ro g e n  c o n cen tra t io n
The use of ammonia n i t ro g e n  p re fe ren ce  in  t h i s  form has ra i s e d  some 
o b je c t io n s  by N ajarian  e t  a l .  (1975), who had shown th a t  in  m u lt i ­
n u t r i e n t  environments, i f  a p a r t i c u l a r  n u t r i e n t  such as n i t r a t e  n i t ro g en  
were d e p le te d ,  the re  was s t i l l  up take of n i t r a t e  by phytoplankton , hence 
the  p r i n c ip l e  o f  co nse rva tion  o f  mass was v io la t e d .
Di Toro e t  a l .  (1977) modified th e  p re fe ren ce  f a c to r  to
= n i t r a t e  n i t r o g e n .
In t h i s  exp ress io n ,  th e  p re fe ren ce  i s  determined in  p ro p o r t io n  to  
the  abundance of ammonia n i t ro g e n  or n i t r a t e  n i tro g en  c o n c e n tra t io n s .  
I f  P —>■ 1 ammonia n i t ro g e n  i s  u sed . I f  P -> 0 n i t r a t e  n i t ro g en  i s  used . 
This f a c to r  avoids the  p i t f a l l  mentioned above, but i t  i s  qu ite  
a r b i t r a r y .  At p re s e n t ,  because the  uptake in  an m u l t i - n u t r ie n t  
environment i s  s t i l l  l a rg e ly  unknown, i t  i s  d i f f i c u l t  to  have an a 
p r i o r i  d e c is io n  as to  which formula i s  the  most a p p ro p r ia te .
Another aspect o f  model development i s  the  coupling o f water 
q u a l i ty  models with r e a l  time hydrodynamic models. Feigner and H arris  
(1970) p resen ted  the  Dynamic E stuary  Model (DEM). The term dynamic
where
= ammonia n i t ro g e n  and
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r e f e r s  to  the  f a c t  t h a t  the model includes th e  e f f e c t s  o f  t i d a l  motion 
as opposed to  the n o n - t id a l  models which n e g le c t  them. The prim ary 
in te n t  o f  the  model was to  provide th e  c a p a b i l i ty  fo r  handling  a network 
of c h an n e ls .  The form ulation  o f  th e  model was based on the  so c a l l e d  
l in k  and node method, in  which th e  network was re p re sen ted  by a s e r i e s  
of uniform  channels connected to  ju n c t io n s .  The ju n c t io n s  a c t  as 
com ple tely  mixed r e s e r v o i r s  to  s t o r e  the  mass in  the  system , and th e  
channels serve to  convey mass between the ju n c t io n s .  A d isadvan tage  o f  
n o d e - l in k  approach to  solve the  mass balance equation  i s  t h a t  i t  cannot 
d e sc r ib e  the  mass c e n te r  a c c u ra te ly ,  and th e re fo re  i t  o f te n  re q u ire s  th e  
use o f  u n r e a l i s t i c  d isp e r s io n  c o e f f i c i e n t s  in th e  l in k s .
Gunaratnum and P e rk in s  (1970) developed a  hydrodynamic model us ing  
a h igh  accuracy num erical scheme fo r  the s o lu t io n  o f  unsteady flow in  
open c h an n e ls .  The model was fo rm ula ted  u s in g  the  G alerk in  weighted 
r e s id u a l  method. They also  proposed  a framework fo r  th e  so lu t io n  to  a 
network o f  open ch an n e ls .
D a iley  and Harleman (1972) developed a num erical model fo r  unsteady 
water q u a l i ty  t r a n s p o r t  a lso  u s in g  Galerkin weighted r e s id u a l  method. 
This model was combined with th e  hydrodynamic model o f  Gunaratnum and 
P e rk in s .  The r e s u l t i n g  model a l so  inco rpo ra ted  the  network fo rm u la t io n .  
The D a iley  and Harleman network model provided f o r  the  s o lu t io n  o f  fou r  
water q u a l i ty  c o n s t i tu e n t s ;  namely s a l i n i t y ,  tem pera tu re , BOD and DO. 
The r e a c t io n  p rocesses  were assumed to  be f i r s t  o rd e r .  The momentum 
equation  was c a s t  in  l in e a r iz ed  c h a r a c t e r i s t i c  form. The technique fo r  
the  network s o lu t io n  was by the  method of s u p e rp o s i t io n ,  which i s  
s im i la r  to  the  in f lu en c e  func tions  commonly used  in  s t r u c t u r a l  a n a ly s i s .
N a ja r ian  e t  a l .  (1975) p re sen te d  a dynamic e s tu a r in e  n i t ro g en  cyc le
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model c o n s is te d  o f  c losed  m a tte r- f lo w  loop having seven n i t ro g e n  s to rag e  
v a r ia b le s  and twelve tran s fo rm a tio n s  of the  element n i t r o g e n .  The seven 
s to rag e  v a r ia b le s  a re  : (1) ammonia n i t r o g e n ,  (2) n i t r i t e  n i t r o g e n ,  (3)
n i t r a t e  n i t r o g e n ,  (4) phytoplankton n i t ro g e n ,  (5) zooplankton n i t ro g e n ,  
(6) p a r t i c u l a t e  n i t ro g e n  and (7) d isso lv ed  o rgan ic  n i t r o g e n .  These 
s to ra g e  v a r ia b le s  r e p re se n t  th e  p h y s ica l  s t a t e s ,  chemical s t a t e s  and 
b io lo g ic a l  s t a t e s  of the  element n i t r o g e n .  The biochem ical and 
e co lo g ica l  t ran s fo rm a tio n s  inc lude  n i t r i f i c a t i o n ,  up take o f  ino rgan ic  
n u t r i e n t s  by a u to tro p h s ,  g raz ing  of h e te ro t ro p h s ,  ammonia re g e n e ra t io n  
by l iv in g  c e l l s ,  l y s i s  and leakage of o rgan ic  m atte r  through c e l l  w a l l s ,  
n a tu r a l  dea th  o f  microorganisms and ammonification. The tran s fo rm a tio n  
r a t e s  are fu n c tio n s  o f  n u t r i e n t  co n cen tra t io n s  and a v a i l a b le  energy in
th e  forms o f  heat and l i g h t .  As a consequence, the  model con ta in s  a
la rg e  number o f  r a t e  param eters  many o f  which a re  no t w ell known. They 
had to  be c a r e f u l ly  syn thes ized  from inform ation  a v a i la b le  in  the
l i t e r a t u r e .  Implementation o f  t h i s  model tends to  be very  d i f f i c u l t ,  
because f i e l d  d a ta  a re  not norm ally  a v a i la b le  in  the  form used by the  
model; some a r b i t r a r y  conversion  fa c to r s  must be used to  convert f i e l d  
d a ta  in to  th e  form req u ire d  by the  model. Moreover, phosphorous
n u t r i e n t s  a re  not s im ulated  in  the  model, th e re fo re  the  model i s  
s t r i c t l y  f o r  n i t ro g e n  l im ited  systems o n ly .
Hyer, Kuo, and N eilson  (1977) p resen ted  an ecosystem model fo r  the  
Back and the  Poquoson R iv e rs .  The conceptual framework o f  t h i s  model i s  
s im i la r  to  Di Toro (1977), bu t H yer 's  fo rm ulation  i s  a r e a l  time model, 
th e  s o lu t io n  i s  by the  f i n i t e  d i f f e r e n c e  method. N i t r a t e  n i t ro g en  and 
n i t r i t e  n i t ro g e n  a re  combined in to  one v a r i a b le .  The v e lo c i ty  inpu t to  
th e  model i s  c a lc u la te d  by th e  kinem atic  t i d e  method, however. A
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v e rs io n  o f t h i s  model i s  a lso  a v a i la b le  fo r  branched e s tu a r in e  systems. 
In  th e  branched v e rs io n ,  each branch i s  t r e a te d  independently  except a t  
the  p o in ts  o f  con ju n c t io n .  This model was c a l ib r a te d  fo r  the  Back and 
the  Poquoson R iv e rs ,  and l a t e r  was a lso  s u c e s s fu l ly  app lied  to  the  Fagen 
r i v e r  and the  E l izab e th  r i v e r .
Perhaps th e  most s o p h is t i c a te d  phytoplankton model developed to  
d a te  i s  the model p re sen ted  by Chen (1979). This model i s  a two dimen­
s io n a l  r e a l  tim e model based on th e  depth in te g ra te d  mass balance  equa­
t i o n .  I t  co n ta in s  te n  water q u a l i ty  c o n s t i tu e n t s .  The G alerk in  
weighted r e s id u a l  method w ith l i n e a r  t r i a n g u la r  element was used in  th e  
f i n i t e  element fo rm u la t io n .  The re a c t io n s  r a te s  a re  e i t h e r  o f  the f i r s t  
o rder or o f  th e  Michaelis-Menton ty p e .  The model i s  coupled to a two 
dimensional dep th  in te g ra te d  hydrodynamic model and has been applied  to  
the  lower James River e s tu a ry  (Hampton Roads).
In  summary, the use  of num erical models fo r  th e  s tudy of w ater 
q u a l i ty  has been recognized fo r  almost 60 y e a r s .  The l i t e r a t u r e  on 
w ater q u a l i ty  modeling i s  th e re fo re  very e x h au s tiv e .  In  t h i s  review  
only a few s ig n i f i c a n t  recen t works were d iscu ssed .  The e a r ly  models 
were g e n e ra l ly  s in g le  component, s teady  s t a t e  and n o n - s p a t ia l ly  vary ing  
m odels. The more complex models d id  no t begin u n t i l  the  1960's when 
d i g i t a l  computers became widely a v a i l a b l e .  The m a jo r i ty  of the  models 
a re  based on the  p r in c ip l e  o f  conse rva tion  of mass. Models based on 
o th e r  p r in c ip le s  such as  energy flow and s to c h a s t ic  p rocesses  have a lso  
been a t tem pted , but a re  not included in  t h i s  rev iew . As the w ater 
q u a l i t y  requirem ents became more s t r i n g e n t ,  the  models a lso  became more 
complex, capab le  of s im u la ting  s e v e ra l  n u tr ien t-co m p o n en ts . There i s  a 
t ren d  a t  p re se n t  towards using r e a l  time models because la rg e  temporal
v a r ia t io n s  o£ water q u a l i ty  co n cen tra t io n s  have been known to  occur 
w ith in  a t i d a l  c y c le .  The use o f  s teady  s t a t e  models fo r  complex 
systems can lead to  seriouB m isunderstand ings . S p a t ia l  d i s t r i b u t io n s  of 
water q u a l i ty  co n cen tra t io n s  can be s im ulated by using powerful 
numerical techniques such as the  f i n i t e  d i f f e r e n c e  method or th e  f i n i t e  
element method. The use o f  the  f i n i t e  element method i s  more
advantageous because i t  can re p re se n t  th e  n a tu r a l  geometry more
a c c u ra te ly .  The knowledge of the  r e a c t io n  k i n e t i c s ,  however, i s
lagg ing , mainly due to  the  enormous complexity of th e  n a tu ra l  p ro cesses .  
The r e a c t io n  k in e t i c s  commonly used a re  mainly of th e  f i r s t  o rd e r  type 
o r  the  Michaelis-Menton ty p e .  The c o l le c t io n  o f  f i e ld  d a ta  i s  in
genera l lagging  due to  the  expenses involved; the  lack of f i e l d  da ta  in  
k ind  and in  q u a n t i ty  has l im ited  th e  ex ten t  to  which models can be 
c a l ib r a te d  o r  v e r i f i e d .  The use o f  hydrodynamic model to  p rov ide  flow 
inpu ts  in to  water q u a l i ty  models i s  d e s i r a b le  fo r  economic re a so n s .  The 
s t a t e  of the  a r t  in  hydrodynamic modeling in  g en e ra l  i s  considered  to  be 
much more advanced than  the  water q u a l i ty  models, although both k inds of 
models uBe th e  same b a s ic  p r in c ip le  o f  conserva tion  o f mass, bu t the 
m athematical r e l a t io n s h ip s  which d esc r ib e  th e  hydrodynamics of a system 
a re  s c i e n t i f i c a l l y  more v a l id  than those d e sc r ib in g  the  biochem ical 
r e a c t io n s .  In  t h i s  r e s p e c t ,  the  use  of a very advanced hydrodynamic 
model to  couple to  a water q u a l i ty  model may not be always n ecessa ry ,  
because th e  u n c e r t a in t i e s  in the  b iochem ical p rocesses  f a r  outweigh the 
hydrodynamic e f f e c t s ,  b u t  the  hydrodynamic e f f e c t s  should be incoporated 
a t  l e a s t  to  a le v e l  s i g n i f i c a n t  w ith  re sp e c t  to  the  water q u a l i ty  model.
3 MATHEMATICAL FORMULATION
3 .1  Hydrodynamic Model
A complete se t  o f  f i e l d  measurements o f  water e le v a t io n  and cu rren t  
to  provide inpu t to w ater q u a l i ty  models i s  r a r e ly  a v a i l a b le ;  id e a l ly  a 
hydrodynamic model should be developed to  provide the  d r iv in g  t r a n s p o r t  
processes  to  water q u a l i ty  models. Water movement in  shallow water 
e s tu a r ie s  can be s u c c e s s fu l ly  modeled using  the  c r o s s - s e c t io n a l  
a r e a - in te g r a te d  c o n t in u i ty  and momentum e q u a tio n s .  These equations  have 
been p re v io u s ly  d e rived  by s e v e ra l  au thors  such as Harleman and 
Lee (1969). The governing equations  fo r  the  one-dimensional unsteady 
flow in  v a r ia b le  area  t i d a l  channels a re  the  c o n t in u i ty  equ a tio n ,
+ 3S. = q (3 .1 )
3t 8x
and the momentum equ a tio n ,
£5  + 155. + + sSi-0.1. + PWxlWxlB + gA.dc. le .  = o (3 2 )
a t  3x \  A C %  p p 8x K m )
where
n = e le v a t io n  o f  w ater su rface  w ith  re sp ec t  to  a h o r iz o n ta l  datum,
Q “ c r o s s - s e c t i o n a l ly  averaged d isch a rg e ,  Q = AU,
A = c r o s s - s e c t io n a l  a rea ,
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D = c r o s s - s e c t io n a l ly  averaged v e lo c i ty ,  
x ~ d is ta n c e  a long the  channel, 
t  = t  ime,
B = channel top w id th , 
q = f r e s h  water inflow  per u n i t  len g th ,  
g = g r a v i t a t i o n a l  a c c e le r a t io n ,
C£ = Chezy c o e f f i c i e n t ,
d -  d is ta n c e  from water su r fa ce  to  c en tro id  of c ro s s - s e c t io n ,c
p = water d e n s i ty ,  
p& = a i r  d e n s i ty ,
3 = wind shear s t r e s s  c o e f f i c i e n t ,
W„ = wind v e lo c i ty  along the  channel and 
= hyd rau lic  r a d iu s  o f  th e  channel.
The l a s t  term in  equation  (3 .2 )  r e p re se n ts  the e f f e c t s  of a 
lo n g i tu d in a l  d en s i ty  g ra d ie n t .  The r e l a t io n s h ip  between d en s i ty  o f  
water and s a l i n i t y  i s  approximated by
p = 1000 + 0.75s (3 .3 )
where
s *= average s a l i n i t y  (pp t)  and 
p = w ater d e n s i ty  (k g /n ? ) .
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3 .1 .1  I n i t i a l  and Boundary Conditions
The s o lu t io n  of equations  (3 .1 )  and (3 .2 )  re q u ire s  the  
s p e c i f i c a t io n  o f  i n i t i a l  and boundary c o n d i t io n s .  I n i t i a l  co n d itio n s  
a re  s p e c i f ie d  fo r  water su rface  e le v a t io n ,  ti0 , and v e lo c i ty ,  U0 , a t  the  
s t a r t  t im e, s a y ,  t  = 0
n (x ,0 )  = n0 (3 .4a )
U(x,0) = Uq (3 .4b)
There a r e  normally two types o f  boundary c o n d it io n s ;  one s p e c i f ie s
flow v e lo c i ty  and the  o th e r  s p e c i f ie s  e l e v a t io n .  At th e  ocean boundary,
x  = x„ , where most t i d e  measurements e x i s t ,  the  su rface  e le v a t io n  isa
p re sc r ib ed
n(xa , t )  = na (3 .4c )
where
n_ = the  astronom ical t i d e .a
At the  upstream end, x = x s , e i t h e r  a f r e e  su rface  or v e lo c i ty  can 
be p re s c r ib e d .  In case  of a land boundary the  v e lo c i ty  i s  norm ally 
assumed to  be zero .
U(xs , t )  = 0 (3 .4d)
Equations (3 .1 ) ,  (3 .2 )  and (3 .4 )  c o n s t i tu t e  the  hydrodynamic model. 
These w i l l  be solved u s in g  the f i n i t e  element method described  in  the  
n ex t c h ap te r .
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3 .2  Biochemical Hater Q uality  Model
The biochem ical water q u a l i t y  model i s  based on the  conserva tion  o f  
mass e q u a tio n .  The one-dim ensional conserva tion  of mass equation  has 
been p re v io u s ly  de r ived  by s e v e ra l  au tho rs  such as Harleman (1971). In  
o rd e r  to emphasize th e  important assum ptions, a b r i e f  d e s c r ip t io n  of th e  
d e r iv a t io n  i s  rep ea ted  here fo r  r e f e re n c e .  The g e n e ra l  th re e  dimen­
s io n a l  conse rva tion  o f  mass eq u a tio n  in C a r te s ia n  co o rd in a tes  i s
3 c 9uc 3vc . 3wc _ 3_ 3 c 3 f  3 cl 3 L .  3cl
a t  + ax + ay + 3 z 3x DX3x + 3y > y ) + a z [Dz 0z (3>5) 
where
3c = c o n cen tra t io n  o f  a water q u a l i ty  c o n s t i tu e n t  (M/L ) ,
u ,  v ,  w -  in s tan taneous  v e l o c i t i e s  in  the x ,  y ,  and z d i r e c t io n s
(L /T ) ,
Djr, Du, D- = m olecular d i f f u s i v i t i e s  in  the  x ,  y ,  and z d i r e c t io n s  
( t f / T ) ,
S = time r a te  o f  a d d i t io n  o r  removal o f  substance  per u n i t
volume (M/TL ) and
M, L, T = mass, length and time s c a l e s .
The v e l o c i t i e s  and co n cen tra tio n s  in  equation  (3 .5 )  a re  in s ta n ta ­
neous v a lu e s .  But i t  is  more p r a c t i c a l  to  smooth out th e  small time 
sca le  f lu c tu a t io n s .  This is  c a r r i e d  out by averaging the  equation  ov e r  
a time s c a le  long enough to smooth out th e  tu rbu lence  in th e  flow, y e t  
sh o r t  when compared to  the  temporal d e t a i l s  we wish to  r e s o lv e .  In most 
a p p l ic a t io n s  where th e  i n t e r t i d a l  q u a n t i t i e s  a re  o f  i n t e r e s t ,  th e  
s u i ta b le  time sca le  fo r  such s tu d ie s  a re  g e n e ra l ly  in t h e  order o f  
m inu tes .  Models us ing  th i s  magnitude o f  time s c a le  are o f t e n  c a l l e d  
r e a l  time o r  t i d a l  time models. There a re  a number o f  advantages in  
us ing  a r e a l  time model: ap a r t  from being able  to  d e l in e a te  i n t e r t i d a l
d e t a i l s ,  a r e a l  time model i s  lesB s e n s i t iv e  to  the  lo n g i tu d in a l  d i s ­
p e rs io n  c o e f f i c i e n t  than  a t i d a l l y  averaged model. Thus one can avoid 
expensive dye s tu d ie s  to  determine the  lo n g i tu d in a l  d isp e rs io n  c o e f f ­
i c i e n t .  Using t h i s  time s c a le ,  th e  time averages o f  th e  f lu c tu a t io n  of 
the  q u a n t i t i e s  a sso c ia te d  with th e  f lu id  tu rbu lence  a re  o b ta in ed .  The 
averaging i s  c a r r ie d  out following th e  approach used by Osborn Reynolds, 
where the  q u a n t i t i e s  u , v ,  w, and c a re  separa ted  in to  a mean p a r t  and a 
f lu c tu a t io n  p a r t  such t h a t  ; u = H + u ' ,  v = v  + v ' ,  w = w + w' and c = 
c + c ' ,  where th e  overbar denotes th e  time average and the  prime denotes 
th e  d e v ia t io n  from the time average . When th e se  are  s u b s t i tu te d  in to  
equa tion  (3 .5 )  and the time averages a re  taken , we get
9c 9uc 9vc 3wc 9 9c. , 9 3c) 9 ( 9cf
at  + 9x“  + 9y“ + 92 “ 9x ex 9x + 3y ey3yJ 9z [ez 9 z
where
ex , By, ez = tu rb u le n t  d i f f u s i v i t i e s  which a re  de fined  such th a t
3c~ 9c u ' c '
9x = ^x9x
and s i m i l a r i l y  fo r  ex and Ey.
The c ro ss  product terms such as  u ' c '  r e p re se n t  the  f lu x  of mass due 
to  tu rb u le n t  f lu c tu a t io n s .
The one dimensional equation i s  derived  by in te g ra t in g  equa­
t i o n  (3 .6 )  over the  c r o s s - s e c t io n a l  a r e a ,  and by d e f in ing
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"c “ C + c" (3 .7d)
such th a t
I.
udA = AU
A
cdA *» AC
A
f  u"dA = f  vr,dA = f  w"dA =
J a J a Ja
c"dA = 0
A
where
U - i s  the  c ro s s - s e c t io n a l  average v e lo c i ty ,
u " ,  v " ,  w" = s p a t i a l  d ev ia t io n s  from th e  average v e lo c i ty ,
C = i s  the  c r o s s - s e c t i o n a l  average co n cen tra t io n  and
c" = s p a t i a l  d e v ia t io n  from th e  average c o n c e n tra t io n .
When equations  (3 .7 a  to  d) a re  s u b s t i tu te d  in to  equa tion  (3 .6 )  and 
in te g ra te d  over the  c ro B s-se c t io n a l  a re a ,  n eg lec t in g  th e  c ross  p roduc t 
terms co n ta in in g  v^c” and wr'c" y ie ld s
SAC . SQC . S {  u ''c " d A  S s c '
T T  + + ’  8 ? lAe*aJ;
where
= s p a t i a l  mean value of the  tu rb u le n t  d i f f u s i v i t y .
Following Taylor (1954), the  c ro ss  product term co n ta in ing  u " c " ,  
which i s  due to  th e  s p a t i a l  d e v ia t io n s ,  can be rep re sen ted  in a form 
analogous to  the  tu rb u le n t  d i f f u s io n  c o e f f i c i e n t ;  th i s  term  is  c a l l e d  
the  lo n g i tu d in a l  d isp e r s io n  c o e f f i c i e n t  , E^, and i s  de f ined  such th a t
Thus the  e f f e c t s  o f  shear and s p a t i a l  averaging a re  accounted f o r .  This
i s  why a model which i s  not averaged over th e  t i d a l  cycle  i s  b e t t e r  and
able  to  re p re se n t  the  mixing phenomena; i t  p rope rly  r e p re se n ts  the
ad v ec tio n .  The n ega tive  6ign in d ic a te s  t h a t  t r a n s p o r t  due to  d isp e rs io n
i s  always in  the  d i r e c t io n  o f decreasing  c o n c e n tra t io n .  The c o e f f i c i e n t
Et i s  always very  much la rg e r  than e" , th e re fo re  i t  i s  convenient to  i-* 21
combine th e  two c o e f f i c i e n t s  and r e f e r  to  th e  sum as the  lo n g i tu d in a l  
d is p e r s io n  c o e f f i c i e n t ,  E, where
E *= El + ex (3 .9 )
I t  must be r e c a l l e d  th a t  in  the  averaging p ro c e ss ,  the  advec tive
term w i l l  genera te  a d d i t io n a l  c o n t r ib u t io n s ,  say , to  the  d isp e rs io n  
term, as long as f lu c tu a t io n s  o f  flow and c o n ce n tra t io n  a re  s i g n i f i c a n t .  
Therefore i t  i s  an im portant c o n s id e ra t io n  when t r a n s p o s i t io n in g  the 
va lues o f the  lo n g i tu d in a l  d is p e r s io n  c o e f f i c i e n t s .  Equation (3 .8 )  now 
becomes
f “ (AC) + | —(QC) - ! _ ( A e| £ )  + AS (3 .10)3 t 3x '  3x 3x
The f i r s t  term in  equation  (3 .10) r e p re se n ts  the  time r a t e  o f
change o f  the co n ce n tra t io n  o f  a substance , the  second and t h i r d  terms 
a re  the  mass f lux  o f  the  substance  due to  advection  and d isp e rs io n  
r e s p e c t iv e ly .  The fo u r th  term i s  the  so u rce /s in k  term . The d isp e rs io n
c o e f f i c i e n t  re p re se n ts  the mass t r a n s f e r  due to  the non-uniform v e lo c i ty  
d i s t r i b u t i o n  and th e  tu rb u le n t  d i f f u s io n .  The modified T a y lo r 's  
d isp e r s io n  formula
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Ej = 63 n D rJ / 6 (3 .11)
( in  MKS u n i t s )  has been s u c c e s s fu l ly  used in  the  f r e s h  water reg ion  of 
the  e s tu a ry .  However, in  th e  s a l i n i t y  in t r u s io n  reg ion  i t  i s  w e ll  known 
th a t  th e  presence o f  s a l i n i t y  enhances mixing by the  lo n g i tu d in a l  
d e n s i ty  g r a d ie n ts ,  th e re fo re  the  d isp e r s io n  c o e f f i c i e n t  i s  expected to 
be la rg e r  than in  th e  n o n -sa l in e  re g io n .  Also a t  the  downstream end of 
an e s tu a ry  the  w ater body i s  normally much wider than the  upstream end 
and th e re fo re  more su sc e p t ib le  to wind wave a c t i o n .  In  t h i s  study the 
fo llow ing d is p e r s io n  formula is  used
E ( x , t )  “ m(x)ET + E2 (x) (3 .12)
Where ET i s  th e  modified T a y lo r 's  express ion  and m i s  a c o e f f i c i e n t  
to  account fo r  channel i r r e g u l a r i t i e s .  The second term , E£, i s  a 
s p a t i a l l y  vary ing  co n stan t  which takes  in to  account th e  increased  
d isp e r s io n  towards the  downstream end. Both m and E^ have to  be 
ad ju s ted  a g a in s t  f i e l d  observa tions  during model c a l i b r a t i o n .
The v a rio u s  b iochem ical r e a c t io n s  and wa6te load inpu ts  are  
inco rpo ra ted  in to  th e  equation  through the so u rce /s in k  term S. Equation
(3 .1 0 )  i6 th e  b a s ic  equation  used to  d e sc r ib e  the  s p a t i a l  and temporal
c o n ce n tra t io n  fo r  each of th e  water q u a l i ty  c o n s t i tu e n t s ,  i e .  an equa­
t io n  must be ap p lied  to  each c o n s t i tu e n t  to ensure conserva tion  of mass. 
For convenience the  source/6 ink  term is  sep a ra ted  in to  th re e  p a r t s  and
the s u b sc r ip t  i  ( i  = 1 ,2 ,3 ........... 0) w i l l  be used to  denote each o f  the
w ater q u a l i ty  c o n s t i tu e n ts  being modeled. The conserva tion  o f  mass
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equation  now becomes
|r<AC,) + (QC ) » | —(Ab|&L> + AR -  Ak C, + W. (3 .13)9 t  I  9x i  9x 9x i  s i  i  i
where
= c o n cen tra t io n  o f  the  i t h  water q u a l i ty  c o n s t i tu e n t  (M/L ) ,
R. = time r a t e  o f  sources or s inks  due to  b iochem ical r e a c t io n s  
1 (M/TL3 ) ,
k . = lo ss  r a t e  ( 1/T) ands i
= e x te r n a l  waste inpu t loads (M/LT) .
The lo ss  r a t e  k i s  th e  lo ss  out of th e  system e i th e r  by s e t t l i n g  
out o r  by o th e r  lo s s  mechanisms which cannot be e a s i ly  modeled; such as 
the  exchange o f  n u t r i e n t s  between the  water column and the r i v e r  bottom. 
The magnitude o f  the  lo ss  r a t e  has to  be determined a g a in s t  observed 
da ta  during  model c a l i b r a t i o n .  The term re p re se n ts  e x te rn a l  waste 
inpu ts  in to  the  model, t h i s  inc ludes  waste loads from p o in t  and 
n o n p o in t- so u rc e s .
3 .2 .1  I n i t i a l  and Boundary Conditions
Equation (3 .13 )  re q u ire s  the  s p e c i f i c a t io n  o f  i n i t i a l  and boundary 
c o n d i t io n s .  I n i t i a l  co n d it io n s  sp e c i fy  th e  water q u a l i ty  co n cen tra t io n s  
a t  the  model s t a r t  t im e , say a t  t  = 0 .
Ci (x ,0 )  = C°
where
C° = the  given i n i t i a l  c o n c e n tra t io n s .
There a re  two types o f  boundary co n d it io n s  (C h r is to d o u lu , 1976)
( i )  C oncen tra tion  boundary co n d itio n s  and
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( i i )  D ispers ive  boundary c o n d i t io n s .
These correspond to  the  e s s e n t i a l  and the  n a tu r a l  boundary
co n d it io n s  r e s p e c t iv e ly .  The c o n ce n tra t io n  boundary co n d it io n s  sp ec ify
co n cen tra t io n s  C (x , t )  a t  the  boundaries x = x . The d isp e r s iv e  1 8  B
boundary co n d it io n s  s p e c i f i e s  AE8C^/3x a t  the  boundaries x  = x^. The 
cho ice  o f  boundary co n d it io n s  depends on th e  behavior and the 
a v a i l a b i l i t y  of f i e l d  d a ta  fo r  a s p e c i f i c  problem
F in a l ly ,  i t  must be emphasized th a t  a one dim ensional model l im i t s  
th e  r e s u l t s  to  q u a n t i t i e s  which a re  averaged over a channel
c r o s s - s e c t i o n .  This assumption may not be a p p ro p r ia te  i f  the  water body
i s  wide, o r  i f  th e re  i s  pronounced s t r a t i f i c a t i o n .  Also the  waste 
d ischarge  a t  a p o in t  i s  assumed to be com pletely  mixed over the  
c r o s s - s e c t io n .  This assumption may no t be v a l id  a t  the  p o in t of
d isch a rg e ,  bu t w i l l  be reasonab le  a t  some d is ta n c e  away from the p o in t 
of d isch a rg e .
3.3 Biochemical Processes
The v a r io u s  biochem ical p rocesses  a re  inco rpo ra ted  in to  equation  
(3 .13) through the  term R^. In th e  fo llow ing s e c t io n ,  th e  fo rm ulation  
of th e  term fo r  each o f  the  water q u a l i ty  c o n s t i tu e n t  w i l l  be
d e sc r ib e d .  In  t h i s  s tudy th e  fo llow ing te n  c o n s t i tu e n ts  a re  modeled
(1) Chlorophyll ' a ' ,
(2) Organic n i t ro g e n ,
(3) Ammonia n i t r o g e n ,
(4) N i t r i t e - n i t r a t e  n i t r o g e n ,
(5) Organic phosphorus,
(6) Ino rgan ic  phosphorus,
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(7) CBOD,
(8) D isso lved  oxygen d e f i c i t ,
(9) S a l in i ty  and
(10) Coliform b a c t e r i a .
The schem atic  diagram of th e  te n  in t e r a c t in g  c o n s t i tu e n t s  i s  shown 
in  F igu re  3 .1 .  Each c o n s t i tu e n t  in  th e  model i s  re p re se n te d  by a box; 
th e  arrows between the  boxes show th e  assumed r e l a t i o n s h ip s  and the 
d i r e c t io n s  o f  t r a n s f e r  o f  m a te r i a l .  The modeling domain i s  in sc r ib e d  in 
th e  b ig  c i r c l e .  The e x te r n a l  in f lu en ces  such as waste in p u ts  and s o la r  
r a d i a t i o n  a re  in d ic a te d  o u ts id e  the  b ig  c i r c l e .  The n o ta t io n  fo r  each 
c o n s t i tu e n t  i s  re p re se n te d  by C^, where the  s u b s c r ip t  i
( i  = 1 , 2 , 3 , . . . , 9 , 0 )  i s  used to  r e p re s e n t  the  te n  c o n s t i tu e n ts  in  the  
o rd e rs  as g iven  above r e s p e c t iv e ly .
The re a c t io n s  o ccu rr in g  in  e s tu a r in e  w aters  a re  very  complex and 
invo lve  feed forward mechanisms which produce pronounced
n o n - l i n e a r i t i e s .  In  g e n e ra l  our knowledge o f  r e a c t io n s  in  n a tu r a l  
w aters  i s  no t w ell advanced. Consequently r e a c t io n  r a t e s  a re  commonly 
re p re se n te d  by s im p l i f ie d  m athem atica l e x p re s s io n s .  The r e a c t io n  
k i n e t i c s  used in  t h i s  Btudy a re  o f  two ty p e s ,  namely; (1 ) F i r s t  o rder  
r e a c t io n s  and (2) M ichaelis-Menton r e a c t i o n s .  These r e a c t io n  forms are  
e m p ir ic a l ,  they  have been u s u a l ly  adopted because o f  m athem atical 
t r a c t a b i l i t y . The k i n e t i c  term in  eq u a tio n  (3 .13 )  fo r  each c o n s t i ­
tu e n t  i s  form ulated  as fo llows
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3 .3 .1  C h lo r o p h y l l 'a ' ,
The biomass o f  phytoplankton in  the  e s tu a ry  i s  rep resen ted  by the  
c o n ce n tra t io n  o f  c h l o r o p h y l l ' s ' .  A r e l a t i v e l y  homogeneous layer o f  phy­
top lank ton  i s  assumed, so th a t  the  growth and death  r a t e s  a re  average 
values f o r  the  e n t i r e  phytoplankton community. The b a s ic  k in e t i c s  
governing the  amount o f  c h lo r o p h y l l ' s '  in  the  water body i s  the  growth, 
death  and zooplankton p red a t io n  a 6 expressed by the  equation
Rj = (G -  D -  Z)C1 (3 .14 )
where
<= c h lo r o p h y l l ' s '  ( y g /1) ,
G = growth r a t e  of phytoplankton (1 /d a y ) ,
D = endogenous r e s p i r a t i o n  r a t e  o f  phytoplankton (1/day) and 
Z = zooplankton g raz ing  r a t e  (1 /d a y ) .
Phytoplankton grow by a s s im i la t in g  inorgan ic  n u t r i e n t s  in the  
presence  of l i g h t .  The growth r a t e  i s  assumed to  be a d i r e c t  fu n c tio n  
o f  tem perature  when under optim al l ig h t  and n u t r i e n t  c o n d it io n s ;  
non-optima1 l i g h t  and n u t r i e n t  co n d it io n s  w i l l  reduce th i s  growth r a t e .  
The equation  fo r  growth o f phytoplankton can th e re fo re  be w r i t t e n  as a 
tem perature  dependent growth r a t e  modulated by the  l ig h t  and n u t r i e n t  
e f f e c t s
G = k T F N
S
(3 .1 5 )
where
= optimum growth r a t e  c o e f f i c i e n t  (1 /d ay /  C ),
T = tem pera tu re , 'C ,
F = a t te n u a t io n  o f growth due to  non-optim a1 l ig h t  and
N *= a t te n u a t io n  o f  growth due to  n u t r i e n t  l im i t a t i o n .
The e f f e c t  o f  non-optim a1 l ig h t  i n t e n s i t y  iB to  reduce the  growth
r a t e .  S tee le  (1962) proposed th a t  th e  red u c t io n  in  growth r a t e  be
rep re sen ted  by
F = f  eCl "  I  } ( 3 *16)X g
s
where
I  = l i g h t  i n t e n s i t y  in  the  water column ( la n g le y s ) ,
I  = s a tu r a t in g  o r  optim al l ig h t  in t e n s i t y  ( lan g ley s)  ands
e *= 2 .1718.
In  the  water column, l ig h t  i n t e n s i t y  decreases  ex p o n en t ia l ly  with 
d ep th .  For a given value  o f  su rface  l ig h t  i n t e n s i t y ,  th e  l ig h t  
i n t e n s i t y  a t  any depth can be c a lc u la te d  by
I  = IQe kez (3.17)
where
ID = su r fa ce  l i g h t  i n t e n s i t y ,  
z = dep th  and
ke *= l i g h t  e x t in c t io n  c o e f f i c i e n t .
In  o rder to  o b ta in  the  average l ig h t  in t e n s i t y  in  th e  water column, 
equation  (3 .16 )  i s  in te g ra te d  over the  d e p th .  The r e s u l t a n t  express ion
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fo r  depth averaged l i g h t  i s
J p
F » -  e xs) (3 .18)
where
H = water dep th .
To o b ta in  the  average growth r a t e  per day, Di Toro e t  a l .  (1971) 
in te g ra te d  equation  (3 .18) over a day w ith  th e  following r e s u l t
r r ^ e ~ a l~  e -0^ )  (3 .19)kfiH
where
f  = pho toperiod ,
a ,  = ^ e " keH
1 s
a « “ -7a  and^ J-s
I  = mean d a i ly  l ig h t  i n t e n s i t y .cL
However, the  d a i ly  average in  equation  (3 .19) above does not 
r e f l e c t  the  d iu rn a l  v a r i a t i o n  o f  the  growth r a t e .  The a b i l i t y  o f  the 
o r i g i n a l  S t e e l e ' s  equation  to  express su rface  l ig h t  in h ib i t i o n  i s  a lso  
l o s t .  Kremer and Nixon (1978) found th a t  Di T oro 's  express ion  
overestim ated  th e  a c tu a l  growth r a t e  by about 15% and suggested the  use 
o f  a c o r re c t io n  f a c to r  o f  0 .85 . Since S t e e l e 's  formula has found 
widespread support in  the  l i t e r a t u r e  and s in ce  i t  i s  not n ecessa ry  to  
average the  growth r a t e  over time in  a r e a l  time model, th e re fo re  in  
t h i s  s tudy , th e  su rface  l i g h t  i n t e n s i t y  i s  allowed to  v a ry  d iu rn a l ly  
fo llow ing a s in e  curve peaking a t  midday, such th a t
0 o therw ise
where
L = 12 + 2 .7 s in 2 7 r( t^2 0 ) j  leng th  (h o u rs ) ,
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t  = 12 -  L /2  i s  th e  su n r is e  time (h o u rs ) ,  s d
I  = t o t a l  d a i ly  s o la r  r a d ia t io n  ( la n g le y s ) ,  
t  = days s in ce  January 1 s t ,
y
t  = time o f  th e  day (hours) andd
tt = 3.14159.
As th e  phytoplankton c o n cen tra t io n  in c re a s e s ,  the  ab so rp tio n  o f  
l i g h t  by th e  c e l l s  themselves reduces the s o la r  energy a v a i l a b le  a t  
deeper l e v e l s .  The re d u c t io n ,  known as the  s e l f  shading e f f e c t ,  i s  
modeled by in c re as in g  the  l ig h t  e x t in c t io n  in p ro p o r t io n  to  the  concen­
t r a t i o n  o f phy top lank ton . The em p ir ic a l  equation  o f R iley  (1956) i s  
used in  t h i s  model
k = k '  + 0.054C? ,66 + 0.0088C, (3 .21 )e e >■ 1
k" = l ig h t  e x t in c t io n  c o e f f i c i e n t  a t  zero c h lo r o p h y l l 'a '  concen- 
e t r a t i o n  (m- * ) .
The a t te n u a t io n  of l ig h t  i s  c h ie f ly  caused by the suspended m a tte r
in  the  water ( C o l i jn ,  1982). The va lue  of th e  e x t in c t io n  c o e f f i c i e n t
can be es tim ated  from the  formula k '  = 1.7/D  , where D is  the  Secchi
6  S S
d isk  v i s i b i l i t y  read ing  (Sverdrup , 1970). The re p o r te d  range o f  the 
e x t in c t io n  c o e f f i c i e n t  i s  0 .4  to  8 m'"*'.
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The optimum l ig h t  le v e l  fo r  pho tosyn thesis  has been found to  vary 
over sh o r t  spans o f  time and space. These changes may be due to  a 
v a r i e t y  o f  e x te rn a l  f a c t o r s .  Some au thors  suggest the  use of average 
va lues  fo r  the  s im u la tio n  span. This i s  reasonab le  fo r  sh o rt  time 
i n t e r v a l s .  However, fo r  a long p e rio d  s im u la t io n ,  time varying optimum
i
l i g h t  i s  n e ce ssa ry .  I t  has been e s ta b l i s h e d  th a t  under c e r t a in  
co n d it io n s  the  p h o to sy n th e tic  cap a c i ty  r e f l e c t s  to  some degree the  p a s t  
l i g h t  h i s to r y  (Kremer and Nixon, 1978). The b a s ic  assumption i s  th a t  
the  optimum l ig h t  fo r  growth t ra c k s  th e  l ig h t  h i s to r y  to  which the  algae 
has been exposed. Based on th e se  c o n d i t io n s ,  the  optimum l ig h t  in  t h i s  
s tudy i s  determined as a weighted moving average of the  l ig h t  in t e n s i ty  
a t  the  1 meter depth fo r  the  previous th re e  days.
I s = (0 .71! + 0 .2 I2 + 0 .1 I3 )e“ke (3 .21a)
where
I j  = the  average su rface  l ig h t  j  days e a r l i e r ,  j  = 1, 2 and 3 .
This equation  c l e a r ly  has no l im i t  to  acc lim a tio n , however. I t  may 
be necessa ry  to  include l ig h t  th re sh o ld s  above and below which 
acc lim a tio n  may no t occur , such as the  low ra d ia t io n  le v e ls  in  w in te r .
The hyperbo lic  e f f e c t  of n u t r i e n t  l im i t a t i o n  on the  growth r a t e  of 
microorganisms has long been recogn ized . G enera lly , the
Michaelis-Menton enzyme k in e t i c s  i s  extended to  n u t r i e n t  uptake and to  
growth r a t e s  o f  phytop lank ton . This ex tens ion  i s  reasonab le  s ince  
growth processes  a re  the  r e s u l t  o f  a combination o f  enzymic r e a c t io n s .  
The Michaelis-Menton k i n e t i c s  can be fu r th e r  extended to  m u l t i - n u t r ie n t  
l im i t in g  c o n d i t io n s .  Di Toro (1977) and Kremer and Nixon (1978) used
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the  p roduc ts  o f  the  Michaelis-Menton re a c t io n  when th e re  is  simultaneous 
l im i ta t io n  of s e v e ra l  n u t r i e n t s .  This assumption has been supported by 
em p ir ica l  o b se rv a t io n s .  The n u t r i e n t  l im i ta t io n s  on ch lo ro p h y ll  growth 
r a t e  due to the  ino rgan ic  n i t ro g en  and inorgan ic  phosphorous in  t h i s  
model i s  expressed by
= ammonia n i t ro g en  (m g / l ) ,
= n i t r i t e - n i t r a t e  n i t ro g e n  (mg/l) and 
Cg = inorgan ic  phosphorous (m g / l) .
The endogenous r e s p i r a t i o n  r a t e ,  D, and the  zooplankton grazing 
r a t e ,  Z, a re  assumed to  be tem perature dependent, thus
(3.22)
where
k = Michaelis-Menton co n stan t  fo r  ino rgan ic  n i t ro g e n  (m g / l) ,
k = Michaelis-Menton co n stan t  fo r  ino rgan ic  phosphorous (m g /l) ,
D = k 'T  r (3.23)
(3 .24)
where
k '  = endogenous r e s p i r a t i o n  c o e f f i c i e n t  ( l / d a y / 'C )  and 
k '  = zooplankton g raz ing  c o e f f i c i e n t  ( l /d a y /* C ) .
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3 .3 .2  Organic N itrogen , C2
In  n a tu r a l  w aters o rgan ic  n i t ro g e n  undergoes a s e r ie s  o f  
t ran s fo rm a tio n s  mediated by b a c t e r i a .  Organic n i t ro g en  i s  transformed 
in to  ammonia n i t ro g e n  which i t s e l f  i s  subsequently  transform ed to  
n i t r i t e  and then to  n i t r a t e  n i t r o g e n .  In  t h i s  model, the  in t e r n a l  
sources o f  o rgan ic  n i t ro g e n  a re  considered  to  be phytoplankton and zoo­
plank ton  endogenous r e s p i r a t i o n .  The s ink  o f  o rgan ic  n i tro g en  i s  the  
h y d ro ly s is  of organic  n i t ro g e n  to  n i t r i t e  and n i t r a t e .  The k in e t i c s  i s  
o f  the  f i r s t  o rder  type
R2 = r n <Dz+ f lZ )C -  k2C2 (3 .25)
k2 = k 'T
where
C2 = o rgan ic  n i t ro g e n  (m g /l) , '
r fl = n i t ro g e n -c h lo ro p h y l l  r a t i o  (m g-N /yg-ch lorophyll) ,
k2 = o rgan ic  n i t ro g en  to  ammonia n i t ro g e n  h y d ro ly s is  r a t e  ( 1/d a y ) ,
k« B o rgan ic  n i t ro g e n  to  ammonia n i t ro g e n  h y d ro ly s is  c o e f f i c i e n t  
( l / d a y / ‘C) and
f z = a s s im i la t io n  e f f i c i e n c y ,  va lue  ranges from 0 .4  to  0 .8 .
3 .3 .3  Ammonia N itrogen ,
The k i n e t i c s  fo r  ammonia n i t ro g en  is
r3 = k2C2 -  k3C3 -  rn ( l  -  P )© ^ (3 .26)
C4
P = ^ ^  ^—  fo r  n i t r a t e  p re fe ren ce  ( 3 .27a)
4 mn
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c3p = 1 ------------------fo r  ammonia p re fe rence (3.27b)
k3 -  k3 T
where
C3 = ammonia n i t ro g en  (m g / l) ,
= n i t r i t e - n i t r a t e  n i t ro g e n  (m g / l) ,  
k3 = ammonia to  n i t r a t e  n i t r i f i c a t i o n  r a t e  ( l / d a y ) ,
k3 = ammonia to  n i t r a t e  n i t r i f i c a t i o n  c o e f f i c i e n t  ( 1/day/*C) and
P = n i t r a t e  o r  ammonia n i t ro g e n  p re fe re n c e .
The f i r s t  term on the  r i g h t  hand s id e  o f  equation  (3.26) re p re se n ts  
the  h y d ro ly s is  from organic  n i t r o g e n ,  the  second term is  th e  sink o f  am­
monia n i t ro g e n  due to  n i t r i f i c a t i o n ,  the  th i r d  term re p re se n ts  the  
uptake by phy top lank ton , and the  f a c to r  P r e p re se n ts  the  n i t r a t e  
n i t ro g e n  or ammonia n i t ro g e n  p re fe re n ce .
3 .3 .4  N i t r i t e - N i t r a t e  n i t ro g e n ,
In  t h i s  model n i t r i t e  and n i t r a t e  n i t ro g en  a re  combined as one 
v a r i a b l e ,  t h i s  i s  due to th e  f a c t  th a t  in  n a tu r a l  e s tu a r in e  w a te rs ,  the  
co n cen tra t io n  o f  n i t r a t e  n i tro g en  i s  normally a t  an o rder o f  magnitude 
la rg e r  than the  co n ce n tra t io n  o f  n i t r i t e  n i t r o g e n .  The combined 
v a r ia b le  s im p l i f ie s  th e  model yet r e t a in s  the  e f f e c t s  of n i t r i t e  
n i t r o g e n .  The k i n e t i c s  fo r  n i t r i t e - n i t r a t e  n i t ro g e n  i s
The f i r s t  term on the r i g h t  hand s id e  i s  the  uptake by phytoplank­
(3 .28)
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to n ,  th e  second i s  the  source o f  n i t r i t e - n i t r a t e  n i t ro g e n  from 
n i t r i f i c a t i o n  o f  ammonia n i t r o g e n .
3 .3 .5  Organic Phosphorus, Cg
The biochem ical k in e t i c s  o f  organic  phosphorous c o n s is t s  o f  
h y d ro ly s is  of o rgan ic  phosphorous to  inorgan ic  phosphorous, and the  
r e le a s e  o f  o rgan ic  phosphorous from death  of phytoplankton and zooplank­
to n . The k i n e t i c  express ion  f o r  organic  phosphorous i s
R5 = r p(D + fgZXJ-L -  k 5C5 (3 .29)
k 5 “ k 5 1
where
C5 = o rgan ic  phosphorous (m g /l) ,
k ,  = o rgan ic  phosphorous to  inorganic  phosphorous conversion  r a t e  
( 1/ d a y ) ,
k '  = o rgan ic  phosphorous to  ino rgan ic  phosphorus conversion  
c o e f f i c i e n t  (1/day/*C) and
r ^  «= phosphorus-ch lorophyll r a t i o  (m g -P /y g -ch lo ro p h y ll) .
3 .3.6 Ino rgan ic  Phosphorus, Cg
Only the  inorgan ic  phosphorous f r a c t io n  o f the  t o t a l  phosphorous i s  
considered to  be taken up by phytop lank ton . The in te r n a l  source o f  in ­
organic  phosphorous i s  the  hy d ro ly s is  o f  o rgan ic  phosphorous, such th a t
R6 = ^ p 60! + k5C5 (3.30)
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3 .3 .7  CBOD, C?
CBOD i s  handled as a f i r s t  o rder decaying substance in  a c l a s s i c a l  
manner. The s ink  of CBOD is  th e  o x id a tio n  by b a c te r i a  and the  in t e r n a l  
sources a re  the  d ie  o f f  o f  phytoplankton and zooplankton.
C? -  CBOD (m g / l) ,
k 7 = CBOD o x id a t io n  r a t e  (1 /d a y ) ,
k 7 = CBOD o x id a tio n  r a t e  a t  20"C and
r c = ca rb o n -ch lo rophy ll  r a t i o  (m g-C/pg-chlorophyll)
The f a c to r  2.67 a r i s e s  from the  f a c t  th a t  the  complete o x id a tio n  o f 
one gram o f carbon to  carbondioxide re q u ire s  2.67 grams o f  oxygen.
3 .3 .8  DO D e f i c i t ,  Cg
DO i s  coupled to  CBOD, n i t ro g e n  and phytop lank ton . The e x te rn a l  
source of DO is  atmospheric r e a e r a t io n ;  the  s inks  a re  o x id a tio n  o f  
CBOD, o x id a tio n  o f ammonia n i t ro g e n  and n i t r i t e  n i t r o g e n ,  and the 
r e s p i r a t i o n  o f  zooplankton and phy top lank ton . The equation  i s  w r i t t e n  
in  terms o f DO d e f i c i t
R7 -  2 .6 7 rc( f z2)C1 -  k ?C7 
T-20
k ? = k ' ( 1.047)
(3 .31)
where
Ro “  k ,C , + 4.57k-C0 -  a GC. + a DC. + b0 -  k 0C08 7 7  3 3  p i  r l  8 8 8 (3 .3 2 )
a.
a
P
r
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T-20 -1 .5  0.5  
kg “ kg(1.024) H U
T-20
b8 = bgCl.065)
where
C = d is so lv ed  oxygen d e f i c i t  (m g /l) ,O
a = r a t e  of oxygen p roduc tion  from pho tosyn thesis  ( 1/d a y ) ,
P
a^ _ = r a t e  of oxygen d e p le t io n  by r e s p i r a t i o n  ( 1/d a y ) ,
k = p h o to sy n th e tic  q u o t ie n t ,op
k = r e s p i r a t i o n  r a t i o ,  o r
k Q = r e a e r a t io n  r a t e  ( 1/d a y ) ,  o
k '  = r e a e r a t io n  c o e f f i c i e n t  a t  20*C,o
2
bg = ben th ic  oxygen demand (gm-02/m / day) and
bg = b en th ic  oxygen demand a t  20 ‘C.
DO i s  c a lc u la te d  by su b t ra c t in g  the  DO d e f i c i t  from the  s a tu r a t io n  
values o f  DO. The s a tu r a t io n  DO depends on tem perature and s a l i n i t y  o f  
the  w a te r ,  C^, and i s  determined by the  em p ir ica l  formula
DO = 9.0806 -  (0.18725 -  0.0044972(T-20) -  0.00205Cg)(T-20)
-(0 .0556 -  0.0002739Cg)Cg (3 .33)
3 .3 .9  S a l i n i t y ,  Cg
S a l in i ty  i s  t r e a te d  as a con se rv a tiv e  substance w ithout so u rce /s in k  
term, s ince  th e re  a re  no b iochem ical r e a c t io n s .
(3 .34)
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where
Cg = s a l i n i t y  ( p p t ) .
3 .3 .1 0  Coliform  B a c te r ia ,  Cq
Coliform b a c t e r i a  d ie  o f f  r a t e  i s  handled as a f i r s t  o rd e r  decay 
p rocess
R0 = - k 0C0 (3 .35 )
T-20
kQ = k ' ( l .040)
where
CQ = co lifo rm  b a c t e r i a  (number/100 m l) ,
kQ *= co lifo rm  b a c t e r i a  d ie  o f f  r a t e  ( 1/day) and
k '  *» co lifo rm  b a c t e r i a  d ie  o f f  r a t e  a t  20*C.o
So f i n a l l y  we have a r r iv e d  a t  te n  p a r t i a l  d i f f e r e n t i a l  equations  
t h a t  c o n s t i t u t e  the  b iochem ica l w ater q u a l i ty  model. These equations  
w i l l  be solved su c c e s s iv e ly  us ing  the  f i n i t e  element method as desc ribed  
in  the  nex t c h a p te r .
4 FINITE ELEMENT FORMULATION
4.1  In tro d u c t io n
Equations ( 3 .1 ) ,  (3 .2 )  (3 .13) and t h e i r  a s so c ia te d  i n i t i a l  and 
boundary cond itions  a re  the  governing equations fo r  the  biochem ical 
water q u a l i ty  model. This i s  an in i t ia l - b o u n d a ry  value  problem with 
twelve equations  f o r  twelve unknowns n ,  Q and ( i  ** 1 , 2 , 3 , . .  . , 9 , 0 ) .  
In  t h i s  s tudy the  f i n i t e  element method (FEM) i s  used fo r  the  num erical 
s o lu t io n .  For p r a c t i c a l  and economic reasons equation  (3 .2 )  w i l l  be 
l i n e a r l i z e d  by us ing  the  va lu e  o f  Q from the  previous in te g ra t io n  time 
s tep  and equation  (3 .13) w i l l  be solved su ccess iv e ly  fo r  each water 
q u a l i ty  c o n s t i tu e n t .
The FEM is  a num erical technique  fo r  ob ta in in g  approximate 
so lu t io n s  to  mathem atical problems defined  by d i f f e r e n t i a l  eq u a tio n s .  
This method was o r ig i n a l l y  developed fo r  studying complex s t r u c t u r a l  
m echanics, but because o f  i t s  f l e x i b i l i t y  as an a n a ly s is  t o o l ,  the  FEM
t
has been ra p id ly  ap p lied  to  many o th e r  eng ineering  and sc ience  problems. 
The theory  of FEM i s  q u i te  w ell known, and i s  d esc ribed  in  a number o f  
e x c e l le n t  t e x t  books w r i t t e n  on t h i s  s u b je c t ,  e . g .  Zienkiewicz (1977) or 
Huebner (1975).
The FEM d i s c r e t i z e s  the  s o lu t io n  domain in to  a number o f  subregions 
c a l l e d  e lem ents , each element i s  re p re sen ted  by a number of p o in ts  
c a l l e d  th e  nodes where the  dependent v a r ia b le s  a re  determ ined. The
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unknown v a r ia b le  i s  approximated w ith in  each element by an in te rp o la t io n
fu nc tion  expressed in  terms o f  th e  va lues  a t  the  nodes. The system 
equations  f o r  the  e n t i r e  s o lu t io n  domain a re  ob ta ined  by assembling the  
c o n tr ib u t io n s  from the  in d iv id u a l  e lem ents .
4.2 V a r ia t io n a l  Statements and the  F in i t e  Element Approximation
Using th e  Galerkin  weighted r e s id u a l  method, the  v a r i a t io n a l  
s ta tem ents  f o r  equations ( 3 .1 ) ,  (3 .2 )  and (3 .13) a re  obta ined  by
m ult ip ly in g  th e  equations  w ith  a r b r i t r a r y  w eighting fu n c tio n s  6n» 5Q and 
6C r e s p e c t iv e ly ,  in te g r a t in g  over the  leng th  o f  the  e s tu a ry  L and 
r e q u ir in g  th e  r e s u l t in g  express ion  to  van ish
is  th e  p re sc r ib ed  d is p e r s iv e  f lu x  boundary co n d it io n  a t  x = x^.
For c l a r i t y  the  su rface  wind term in  equation  (3 .2 )  and the 
s u b sc r ip t  i  in  equation  (3 .13) have been o m itted .  An a d d i t io n a l  s tep  i s
(4 .2 )
(4 .1 )
1“  + -  4 - (A e |£ )  -  AR + Ak C -  W)SCdx + [F* 6Cdx = 0 (4 .3 )
L
where
performed to  reduce the  o rder  o f  the  d e r iv a t iv e  in  equation (4 .3 )  by 
in te g ra t in g  th e  d is p e r s iv e  term by p a r t s ,  th e  equation  becomes
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_ AR + Ak_C•at 3x W)<SC + AE~C^ --}dx + F*6C 9x3x o
= 0
Ft 60
(4 .4 )
where
* ac
Fo = AEg^ x = 0
and
AEacdx X  =  H
are  th e  given d is p e r s iv e  boundary co n d it io n s  a t  the  downstream end, 
x = 0 , and a t  the  upstream  end, x = S-, r e s p e c t iv e ly .
For convenience the  f i r s t  two terms in  equation  (4 .4 )  can be 
w r i t t e n  as
ac3AC 3QC SC—  + —  =AgF +Qg7 + Cat ax
3A 3Q 
a t + ax
-  a9c . »ac , „
"  V  + +  Cq
In  the  f i n i t e  element method the  s o lu t io n  domain i s  d iv ided  in to  a 
number of elements and the  f i e l d  v a r ia b le s  n» Q and C in  each element 
a re  approximated by t r i a l  fu n c tio n s
n -  n = {N}T{n> 
Q = Q = {N}T{Q}
{N} {c }
(4 .5a )
(4 .5b)
(4 .5c)
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where
= a row v ec to r  of the  in te r p o la t io n  fu n c tio n  and
= approximate so lu t io n s  in  an element
{r|}» (Q}, {C} = the  v ec to rs  o f  th e  unknown nodal v a r ia b le s  to  be 
determ ined .
The in te r p o la t io n s  are  u s u a l ly  de fined  lo c a l ly  fo r  elements o r  
subdomains. In a one dim ensional problem, th e  elements w i l l  be l in e  
segments along th e  x - a x i s .  The s im p lest  l i n e  element i s  a l in e  segment 
w ith two nodes. This i s  th e  type o f  element used in  the  p resen t  s tudy . 
Higher polynomials can be used , bu t a l in e a r  v a r i a t i o n  i s  p re fe r re d  
because i t  i s  simple to  use and simple to  i n t e r p r e t  p h y s ic a l ly .  Using a 
lo c a l  coo rd ina te  system as shown in  F igure  4 .1 ,  the  l in e a r  v a r i a t i o n  o f  
th e  f i e l d  v a r ia b le  such as the  c o n ce n tra t io n  C in equation  (4 .5 c )  can be 
w r i t t e n  as
C
x
Figure 4 .1 F in i t e  element approximation to  the  exact s o lu t io n .
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C « C -  NjCj + N2C2 (4 .6 a )
where
N 1  =  ( X 2 _ X ^ X 2 “ X P »
N2 = (x-x2 ) / ( x 2- x 1) ,
x l» x2 “ coord ina tes  o f  the  two ends o f  th e  element and
Cf, C2 = the  nodal v a lues  a t  x^ and x2 r e s p e c t iv e ly .
Equation (4 .6a ) can a lso  be w r i t t e n  in  m a tr ix  form as
e = {N}T{C> (4 .6b)
where
(C> = C1
C2
T(N> = {Nj_ N2>
The weighting fu n c tio n s  dri, <SQ, and dC a lso  have the  same form as 
the  t r i a l  fu n c tio n s  as in  equations  (4 .5a  to  c ) . A l l  th e  o th e r  
v a r ia b le s  such as A and B a re  expressed in  a s im ila r  fa sh io n .
S u b s t i tu t in g  th e  t r i a l  fu n c tio n s  ( 4 .5 a ,  b and c) and th e  s im i la r  
w eighting fu n c tio n s  in to  equations ( 4 .1 ) ,  (4 .2 )  and ( 4 .4 ) .  The
r e s u l t i n g  element i n t e g r a l s  can be evalua ted  e x p l i c i t l y  f o r  every 
e lem ent. The g lo b a l  equations  a re  obtained by assembling the  in d iv id u a l
m m  m
element eq ua tions . A f te r  c a n c e l l in g  th e  terms {dn} , {dQ} and {dc} , 
the  r e s u l t s  can be w r i t t e n  as
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+ [Kn ]{Q> = {F^} (4 .7 )
[Mq]-^2.^ + [Kq] {Q} = {Fq} (4 .8 )
+ [KC]{C> = {Fc } (4 .9 )
Where the  m atr ices  a re  ob ta ined  from th e  assemblage of a l l  the  
e lem ents . The d e t a i l s  o f  the  in te g r a t io n  and the  m a tr ices  a re  g iven in  
Appendix A.
4.3 Time In te g ra t io n
The FEM has reduced the o r i g i n a l  s e t  of p a r t i a l  d i f f e r e n t i a l
equations  in  space and time in to  a s e t  o f  o rd in a ry  d i f f e r n t i a l  equations
in  t im e . Severa l in te g ra t io n  methods can be used to  advance the
so lu t io n  in  time from a given i n i t i a l  c o n d i t io n .  The choice o f  time 
in te g r a t io n  schemes has been d iscussed  by Wang (1975) and by Roache
(1972). In  t h i s  s tudy , th e  hydrodynamic and water q u a l i ty  equations  a re  
solved s e p a ra te ly  in  two sub-models; and th e  t r a p e z o id a l  r u le  w ith 
s p l i t  time scheme (Wang, 1975) i s  used to  advance the  s o lu t io n  in  tim e.
4 .3 .1  Hydrodynamic Model
Equations (4 .7 )  and (4 .8 )  a re  used to  solve fo r  h and Q
r e s p e c t iv e ly .  In the  s p l i t  time scheme, th e se  two equations  a re
staggered  in  time such th a t  n i s  eva lua ted  a t  times t n+^ and Q a t  times
t n (n = 1, 2, 3 , . . . ) .  Equations (4 .7 )  and (4 .8 )  can be w r i t t e n  as
[Mr,] ( ri}n+ig ^^n-%) = -  (4 .10)
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tBq H « !> n+r  W J  * tKpJ (<Q}n+1+ <Q>J M /2  -  m <Fp > ( 4 .1 1 )
where
At = the  s ize  o f  the in te g r a t io n  time s te p .
Using given i n i t i a l  v a lues  {r|} s and {Q} , th e  so lu t io n  proceedsn— n
by f i r s t  so lv ing  equation  (4 .10 )  fo r  > and then  so lv ing  equation
(4 .11) fo r  {Q>n+1 u s ing  i n i t i a l  va lues  (Q)n and from the  p rev ious
h a l f  time s t e p .  The process  i s  then repea ted  fo r  the  subsequent time 
s t e p s .
4 .3 .2  Water Q ua lity  Model
The ten  water q u a l i ty  c o n s t i tu e n ts  a re  obta ined  by so lv ing
equation  (4 .9 )  su c e ss iv e ly  fo r  each water q u a l i ty  c o n s t i tu e n t .  
Employing th e  t r a p e z o id a l  r u l e  of i n t e g r a t io n ,  the  f i n i t e  d i f f e r e n c e  
form o f  equation  (4 .9 )  can be w r i t t e n  as
f«cH <c W  «:>„-!*) + » c] ( < ° W  -  «<*£:> ( 4 -12)
Equation (4 ,12) i s  used to  solve fo r  a t  tim es from the
given i n i t i a l  valueB and the  va lues  of {n)n l^  and {Q)n)^  from the
hydrodynamic model. The p rocess  i s  then repea ted  fo r  the  subsequent 
time s te p s .
As mentioned in  chap te r  th r e e ,  th e re  a re  two types o f  boundary 
c o n d i t io n s ,  corresponding to  the  e s s e n t i a l  and th e  n a tu ra l  boundary 
c o n d i t io n s .  The e s s e n t i a l  boundary co n d itio n s  a re  imposed by modifying 
the  f i n a l  system eq u a tio n s ; the  n a tu r a l  boundary co n d itio n s  a re  imposed 
by ev a lu a tin g  the  d is p e r s iv e  f lu x  (Harleman, 1972). For the  water
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q u a l i ty  model, the  ocean boundary co n d it io n  i s  handled by checking the 
d ischarge  a t  each time s t e p .  I f  d ischarge  i s  in to  the  boundary, 
co n cen tra t io n  o f  the  incoming w ater i s  s p e c i f i e d .  I f  d ischarge  i s  out 
o f  th e  boundary, d is p e r s iv e  f lu x  i s  s p e c i f i e d .
4 .4  S t a b i l i t y  Conditions
The s t a b i l i t y  c r i t e r i a  fo r  a g iven  s e t  o f  equations i 6 commonly 
determined by the  method o f von Neumann (Roache, 1972). The o b je c t iv e  
i s  to  determine whether the  spurious  e r ro r s  in troduced in  the  num erical 
method w i l l  am plify . The procedure i s  to  fo llow  a F o u r ie r  expansion as 
time p ro g re s se s .  This method , however, i s  only a p p l ic a b le  to  the  
g r e a t ly  s im p l i f ie d  s e t  o f  eq u a tio n s ;  and the  n o n lin ea r  terms are  
in v a r ia b ly  om itted  in  the  a n a ly s i s .  The s t a b i l i t y  c r i t e r i a  in  the  
p re sen t  s tudy i s  d i f f i c u l t  to  o b ta in  a n a l y t i c a l l y .  But g u id e l in e s  fo r  
s t a b i l i t y  c r i t e r i a  f o r  the  hydrodynamic model can be ob ta ined  us ing  the  
Courant co n d itio n
Atc r  < (4 .13)
where
Atc r  = c r i t i c a l  time s tep  fo r  the  onset o f  i n s t a b i l i t y ,
Ax -  ty p ic a l  g r id  s i z e ,
H = ty p ic a l  water depth and
g = g r a v i t a t i o n a l  a c c e le r a t io n .
For the  c o n v e c t iv e -d if fu s io n  equ a tio n ,  Roache (1972) has shown th a t  
u s ing  the  e x p l i c i t  in te g ra t io n  scheme when th e  g r id  Reynolds number
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(4 .14)
the  d i f f u s io n  r e s t r i c t i o n s
(4 .15 )
and
(4 .16 )
a re  necessa ry  and s u f f i c i e n t  f o r  the  s t a b i l i t y  o f  the  l in e a r  and
a s c e r ta in e d ,  however. S im i la r i ly  the  im p l ic i t  in te g ra t io n  scheme us ing  
th e  t r a p e z o id a l  r u l e  has been found to  be u n c o n d it io n a l ly  s t a b l e .
In  p r a c t ic e  the  s t a b i l i t y  c r i t e r i a  v a r ie s  from problem to  problem, 
s in ce  the  s t a b i l i t y  of the  num erical s o lu t io n  i s  governed by a number o f  
f a c to r s  such as the  p a r t i c u l a r  way o f fo rm ula ting  the  equations and the  
t ru n c a t io n  e r ro r s  o f  the  computer. Guidelines can be e s ta b l i s h e d  by 
using  equation  (4 .13 )  fo r  the  hydrodynamic model and equations (4 .15) 
and (4 .16 )  fo r  the  water q u a l i ty  model. I t  i s  in t e r e s t i n g  to  note th a t  
the  s t a b i l i t y  c r i t e r i a  fo r  hydrodynamic models a re  much more s t r in g e n t  
than th e  water q u a l i ty  c o u n te r p a r t s .  Therefore  i t  i s  more e f f i c i e n t  to  
s ep a ra te  the  hydrodynamic and water q u a l i ty  systems in to  two sub-models 
as i s  done in  th e  p resen t  s tu d y . The s t a b i l i t y  co n d itio n s  found in  t h i s  
study a re  g e n e ra l ly  more r e la x  than  those  g iven by equations  (4 .1 3 ) ,
(4 .15) and (4 .1 6 ) ;  th e se  w i l l  be f u r th e r  d iscussed  in th e  in d iv id u a l  
case s tu d ie s .
constan t U case . The e f f e c t s  o f  s p a t i a l l y  varying U can not be
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Another problem th a t  may occur w ith  the  num erical so lu t io n  o f  the  
conserva tion  o f  mass equation  i s  the  presence  of s p a t i a l  o s c i l l a t i o n s .  
S p a t ia l  o s c i l l a t o r y  so lu t io n s  g e n e ra l ly  occur in  a node to  node manner, 
hence c a l l e d  2 x o s c i l l a t i o n s .  The occurrence of s p a t i a l  o s c i l l a t i o n  i s  
not a t r u e  s t a b i l i t y  problem because i t  i s  not unbounded, but the  r e s u l t  
o s c i l l a t e s  about th e  c o r re c t  s o lu t io n .  Lee and Harleman (1971) found 
th a t  the  s o lu t io n  tended to  o s c i l l a t e  in  the  v i c i n i t y  o f  s teep  
c o n ce n tra t io n  g r a d ie n t s .  I f  the  o s c i l l a t i o n s  can be t o l e r a t e d ,  a 
smoothing technique  can be used to  suppress  the  o s c i l l a t i o n s ;  s in ce  
t h i s  i s  done on ou tput on ly , i t  has no i n te r n a l  e f f e c t  on the  s o lu t io n .
The o s c i l l a t i o n s  can a lso  be suppressed by in troducing  damping 
mechanisms such as by adding a r t i f i c i a l  d is p e r s io n  terms to  the  equation  
or by us ing  num erical schemes such as th e  upwind d i f f e r e n c in g  method 
which in troduces  a r t i f i c i a l  d isp e r s io n  in to  th e  equation  (Chow, 1979). 
The b e s t  approach, however, i s  to  make ju d ic io u s  mesh refinem ents  and to  
reexamine the  s p e c i f i c a t io n  o f  boundary co n d it io n s  (Gresho and Lee, 
1981).
5 VERIFICATION
I t  i s  im portant to  f i r s t  check to  see i f  the  numerical models a re  
form ulated c o r r e c t ly .  This can be done by comparing num erical r e s u l t s  
to  a n a ly t i c a l  s o lu t io n s .  In  t h i s  ch ap te r)  th e  hydrodynamic and v a te r  
q u a l i ty  models w i l l  be used to  solve th re e  simple problems and compare 
th e  r e s u l t s  w ith  exact a n a ly t i c a l  s o lu t io n s .  This w i l l  o f f e r  a le v e l  o f  
confidence th a t  the  models have been formulated c o r r e c t ly  and th a t  the  
computer programs have been w r i t t e n  c o r r e c t ly .
5.1 Standing Wave in  a Rectangular Channel
The f i r s t  example i s  to  use the  hydrodynamic model to  solve the  
problem o f  a s tand ing  wave in  a re c ta n g u la r  channe l. For a l in e a r iz e d  
one dimensional problem, the  governing equations  a re
!£♦*& = » <»•»
—  + h ^ -  = 0 (5 .2 )
3 t 9x
The channel leng th  i s  L and c losed  a t  one end a t  x = L. At the
open end, x = 0 , the  water le v e l  i s  fo rced  by a simple s ine  wave
ti = a 6in(w t) (5 .3 )
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where
a = am plitude!
w = 2ir/T = angular frequency and 
T ** p e r io d .
The boundary co n d itio n  a t  the c lo sed  end i s
U = 0 a t  x = L (5 .4 )
The a n a ly t i c a l  s o lu t io n  o f  the  problem i s  a s tand ing  wave w ith the 
v e l o c i t i e s  and water su rface  e le v a t io n s  given by equations
B = wL/c
The hydrodynamic model was run us ing  fo u r  elements o f  equa l len g th .  
The fo llow ing  va lues  were used in th e  model 
No. o f  elements = 4;
No. o f  nodes = 5;
L = 200 m; 
h = 4 m;
T = 600 sec; 
a ** 0.1  m; 
g = 9.81 m /sec^;
Ax = 50 m;
0 = ■■■ ——— sin{B(^ -  1 )} cos(wt) hcos B L (5 .5 )
n = — ^-5- cos{B(^ -  1)> s in (w t)  cos B L (5 .6 )
where
c = i/gh i s  th e  wave speed and
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At = 5 s e c .
A r e l a t i v e l y  small am plitude , a /h  = 0.025, i s  chosen to  minimize 
th e  n o n - l in e a r  e f f e c t s .  The problem was solved w ithout coupling to  the  
s a l i n i t y  submodel. The s o lu t io n  i s  s t a r t e d  using  i n i t i a l  co n d it io n s  
c a lc u la te d  from equations  (5 .6 )  and ( 5 .7 ) .  The time h i s to r y  o f  the  
computed su rface  e le v a t io n  a t  x = L i s  p lo t t e d  to g e th e r  w ith  the  
a n a ly t i c a l  so lu t io n  as shown in  F igure  5 .1 .  The time h i s to r y  o f  the  
computed v e lo c i ty  a t  x = 0 i s  shown in  Figure 5 .2 .  In  g e n e ra l ,  the  
computed so lu t io n s  agree ve ry  w ell w ith  the  exact a n a ly t i c a l  s o lu t io n s .
The s iz e  o f  the  in te g r a t io n  time s tep  used was 5 seconds. The
c r i t i c a l  time s te p ,  At . „ ,  determined from the Courant co n d itio n  i sc r
Ax 50
Atnr. < --------  =   = 5 . 6  seconds
iflgE" 2x9.81x4
The model was a lso  run using  time s tep  o f  9 seconds w ithout any 
s t a b i l i t y  problems. Time s tep s  la rg e r  than t h i s  were not t e s t e d ,  
however.
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5.2 D ispersion  in  a Rectangular Channel
In th e  second example, the  water q u a l i ty  model i s  used to  c a lc u la te  
th e  d isp e r s io n  of a conse rva tive  substance  in a re c ta n g u la r  channel with 
a s teady  and uniform flow . The upstream boundary co n cen tra t io n  i s  held 
c o n s ta n t .  The c o n ce n tra t io n  a t  th e  downstream boundary i s  s p e c i f ie d  as 
z e ro .  The mathematical fo rm ula tion  o f  t h i s  problem is
,3C ^ _3C 3 . - 3 C  , _
As T t ( f c '  3 5 * ^  - k c
fo r  0 < x < 00 
and the  boundary cond itions  a re
C = C a t  x B 0o
C = 0 a t  x = "
The a n a ly t i c a l  s o lu t io n  o f  t h i s  problem is
(5 .7 )
(5 .8a )
(5 .8b)
C -  0.5C (5 .9 )
/4E t /4Et
where
k decay r a t e ,
e r fc  = the  complementary e r r o r  fu n c t io n ,
Si = /U^+ 4kE and 
X « x/2E.
The model was run us ing  40 elements o f  equal le n g th .  The follow ing 
v a lu es  were used in  the  computer s im u la tion
No. o f  elem ents = 40;
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No. o f  nodes = 41;
L = 400 m;
A = 1 m^;
C = 1 mg/1 a t  x = 0 m;
C = 0 a t  x = 400 m;
E = 3,600 m^/hr;
k = 0 hr- *
U = 360 m/hr;
Ax = 10 m;
At = 9 and 72 seconds.
The i n i t i a l  co n d it io n s  a re  s e t  to  zero everywhere in  the  channel 
and the  model i s  run from time = 0 to  time = 1 . 5  hour. The computed 
co n cen tra t io n s  a t  v a r io u s  times p lo t te d  to g e th e r  with the  a n a ly t i c a l  
so lu t io n s  a re  shown in  F igure  5 .3 .  G enera lly  the  computed so lu t io n s  
agree  very  w ell w ith  the  a n a ly t i c a l  s o lu t io n s .  Note th a t  a f t e r  time * 1 
hour, the  computed so lu t io n s  a t  th e  downstream end begin to  d iverge  from 
th e  a n a ly t i c a l  s o lu t i o n s .  This i s  due to  the  d i f f e re n c e  in  the  
downstream boundary co n d it io n s  between the  a n a ly t i c a l  s o lu t io n  and the  
model, namely; the  a n a ly t i c a l  s o lu t io n  i s  f o r  an i n f i n i t e l y  long 
channel,  b u t  the  computed s o lu t io n  i s  f o r  a channel w ith  f i n i t e  le n g th .  
When the c o n ce n tra t io n  plume reaches the  downstream end, th e  num erical 
s o lu t io n  i s  a f f e c te d  by the  downstream boundary co n d itio n s  which i s  
s p e c if ie d  equal to  zero in  t h i s  c a se .
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5.3 D isp e rs io n  in  a R ec tangu la r  Channel With Decay
This example i s  the  same as th e  one in  s e c t io n  5 .2  except t h a t  a 
n o n -c o n se rv a tiv e  substance  w ith  a f i r s t  o rd e r  decay r a t e  i s  u sed .  The 
a n a l y t i c a l  s o lu t io n  o f  t h i s  problem i s  th e  same as in  equation  ( 5 .9 ) .
Using decay r a t e  k=0.5 p e r  h ou r , th e  computed r e s u l t s  along the  
channel a t  v a r io u s  time6 to g e th e r  w ith  th e  a n a l y t i c a l  s o lu t io n s  a re  
p lo t t e d  in  F igu re  5 .4 .  In  g e n e ra l  th e  agreement between the  a n a l y t i c a l  
s o lu t io n  and th e  model i s  v e ry  good.
In  th e  l a s t  two examples above, th e  s i z e  of th e  c r i t i c a l  time 
s tep  accord ing  to  eq ua tion  (4 .15 )  i s
At < —• x 3600 = 50 seconds2x3600
In  th e  t e s t  ru n s ,  s t a b i l i t y  i s  m a in ta ined  f o r  time s tep s  up to  72 
seconds, which shows th e  e x c e l le n t  s t a b i l i t y  o f  the  t r a p e z o id a l  
i n t e g r a t io n  scheme. S t i l l  l a r g e r  time s te p s  a re  thought p o s s ib le  bu t 
they  were no t t e s t e d .
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6 APPLICATION TO THE JAMES RIVER
To demonstrate th e  c a p a b i l i ty  of the  model] fu r th e r  v e r i f i c a t i o n  
using  r e a l  world cases i s  n ece ssa ry .  This stop i s  im portant in  
e s ta b l i s h in g  the  a p p l i c a b i l i t y  o f  the  model. However, the  n a tu ra l  
systems a re  very  complex, th e re fo re  the  agreement between th e  model and 
the  f i e l d  d a ta  cannot be expected to  be p e r f e c t .  When judging a model 
of t h i s  n a tu re ,  the  q u a l i ty  o f  the  inpu t da ta  and the f i e l d  d a ta  to  
which the  model i s  compared should always be co n s id e red .  The u l t im a te  
purpose of a model i s  no t to  o b ta in  a p e r f e c t  f i t  o f  the  f i e l d  d a ta ,  but 
r a th e r  to  g e t  the  model to  reproduce th e  key fe a tu re s  o f  th e  system, 
such as the  ex ten t  o f  the  s a l i n i t y  in t r u s io n  or the  g en e ra l  tren d s  o f  
water q u a l i ty  c o n c e n tra t io n s .  When th e  agreement between the  c a lc u la te d  
r e s u l t s  and f i e l d  d a ta  i s  s a t i s f a c t o r y ,  the  model i s  sa id  to  be 
c a l i b r a t e d .  I t  can then  be used to  c a lc u la te  th e  response o f the  
e s tu a ry  to  a l t e r n a t i v e  waste d isch a rg e  l e v e l s .
In  th i s  c h a p te r ,  the  a p p l ic a t io n  o f  the  hydrodynamic and water 
q u a l i ty  models to  th e  James River in  V irg in ia  i s  d e sc r ib ed .  The reach 
o f  the  e s tu a ry  to  be modeled extends from the  r iv e r  mouth to  Richmond. 
This reach  o f  r i v e r  i s  t i d a l  and i s  approximately 160 k ilo m e te rs  long. 
The r i v e r  has a m aintained channel up to  Richmond, w ith  a minimum 
mid-channel depth of approximately 8 m e te rs .  C ro s s -s e c t io n a l  average 
depth o f  the r i v e r  v a r ie s  from 3 to  9 m e te rs .  The top width v a r ie s  from 
approximately 3000 m eters a t  the  mouth to  300 m eters a t  Richmond. The
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average t i d a l  range v a r ie s  from 0.76 meter near the  mouth a t  S ew e ll 's  
P o in t to  0.58 meter near the  Chickabominy (km 80) to  0.98 meter a t  
Richmond.
Average f reshw ate r  in flow  a t  Richmond i s  200 cubic m eters per 
second. In 1971 the  f r e s h  water in flow  v a r ied  from 2500 cubic meters 
per second during the  sp r ing  flood  to  50 cubic meter6 per second during 
summer. The major t r i b u t a r i e s  to  th e  James River a re  the  Appomatox 
R iv e r ,  the  Chickahominy River and th e  Nansemond R iver.  F igure  6 .1  shows 
th e  freshw ate r  inflows used in  the  model from th e  p e r io d  March to  
October 1971. In  the  model, flows below the  f a l l  l in e  a re  d i s t r i b u t e d  
in to  each element p ro p o r t io n a l  to  the  dra inage a re a  the  element 
sub tends. The James River e s tu a ry  i s  c l a s s i f i e d  as p a r t ia l ly -m ix e d .  
Near th e  mouth, a r e l a t io n s h ip  between s t r a t i f i c a t i o n - d e s t r a t i f i c a t i o n  
and th e  spring-neap  cyc le  has been observed by Haas (1977). Therefore 
s t r i c t l y  Bpeaking, the  assumption of one-d im ensiona li ty  i s  not v a l id  a t  
the  times when s t r a t i f i c a t i o n  o ccu rs .  The average s a l i n i t y  a t  the  mouth 
i s  22 ppt fo r  year 1971. Normally s a l t  in tru d es  up to  th e  v i c i n i t y  o f  
Jamestown Is la n d  (km 6 8 ) ,  but during p e r io d s  o f  low flow the  in t r u s io n  
may go up as f a r  as Hopewell (km 120); during  p e riods  of h igh  f re sh  
water inflow  th e  in t r u s io n  can be pushed down to  Newport News (km 25).
The models were used to  make an 8 month s im u la tion  s t a r t i n g  from 
March 1 s t .  to  Oct 3 1 s t .  o f 1971. An attem pt was made to  c a l i b r a t e  the  
models using 1971 f i e l d  d a ta  c o l le c te d  f o r  the  Chesapeake Bay N u tr ien t  
Input Study, EPA (1972). The time s tep s  used were 6 and 60 minutes fo r  
the  hydrodynamic and th e  w ater q u a l i ty  models r e s p e c t iv e ly .  The 
procedure wa6 to  run the  hydrodynamic model coupled w ith s a l i n i t y  f i r s t  
u n t i l  c a l i b r a t io n  was ach ieved . The r e s u l t i n g  t i d a l  e le v a t io n s  and
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c u r re n t  v e l o c i t i e s  ware then  s to red  on magnetic d isks  to  be used as 
inpu ts  to  the  water q u a l i ty  model.
6 .1  Schem atization
The e s tu a ry  i s  d iv ided  in to  40 elements and 41 nodes as shown in  
F igure  6 .2 .  The leng ths  o f  th e  elements range from 2 .4  to  6 k i lo m e te rs .  
This spacing is  chosen to  g ive  an in te g r a t io n  time s tep  o f  6 minutes fo r  
th e  hydrodynamic model (124 s tep s  pe r  t i d a l  c y c le ) .  The geometric 
p ro p e r t ie s  req u ired  a t  each node inc lude the  top w idth , the  
c r o s s - s e c t io n a l  a r e a ,  mean water depth and s id e  s lo p e s .  F igure  6.3 
shows a ty p ic a l  schematic c ro s s - s e c t io n  o f  the  r i v e r .  The 
c r o s s - s e c t io n a l  a rea  i s  d iv ided  in to  two s e c t io n s ,  namely th e  conveyance 
a rea  and the  s to rag e  a re a ,  Ac and Ag r e s p e c t iv e ly .  I t  i s  assumed th a t  
flow is  confined to  the  conveyance a rea  only and the  shallow  a reas  on 
the  s id es  c o n tr ib u te  l i t t l e  to  th e  lo n g i tu d in a l  flow but they provide 
water s to ra g e .  This concept has been p re v io u s ly  used by sev e ra l  au thors  
such as Daily  and Harleman (1972). The purpose i s  to  t r y  to  approximate 
the  non-uniform v e lo c i ty  d i s t r i b u t i o n  in  the  c r o s s - s e c t io n .  However, 
th e  de te rm ina tion  o f  Bhallow areas in  a c r o s s - s e c t io n  is  somewhat 
a r b i t r a r y  and re q u ire s  some t r i a l  and e r r o r .  In  the  James River model, 
a reas  w ith  water depth le ss  than 0 .8  meter a re  assumed to  be shallow.
At each t r a n s e c t ,  the  c r o s s - s e c t io n a l  area  comprised o f  the mean 
c r o s s - s e c t io n a l  a rea  and th e  f lu c tu a t io n  a rea  due to  t i d e .  The mean 
c r o s s - s e c t io n a l  a reas  a re  measured from c r o s s - s e c t i o n a l  bathym etric  
p r o f i l e s  (unpublished VIMS d a ta )  using a p la n im e te r .  The conveyance and 
s to rag e  widths a re  a lso  measured from the  c r o s s - s e c t io n a l  p r o f i l e s .
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Figure  6.3  Schematic c ro s s - s e c t io n  o f  th e  r i v e r .
At each in te g ra t io n  time s tep  the  t o t a l  top w id th , B, i s  c a lc u la te d
by
S = (Sc + Bg) + 2nSs ( 6 . 1 )
S im i la r i ly ,  the  t o t a l  c r o s s - s e c t i o n a l  a rea  a t  each time s tep  i s  
given by
A = (Ac + Ag ) + n(Bc + Bs + B)/2 (6 .2 )
where
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T) = the  in s tan taneous  water su rface  above mean w ater le v e l  and 
S- = the  average s id e  s lope  o f  the  channel.
The s p e c i f ic a t io n  o f  s ide  s lo p es  o f  the  channel i s  necessa ry  only 
when the  t i d a l  he igh t i s  expected to  exceed normal f lood  le v e l s ,  
o therw ise  the  s id es  may be assumed v e r t i c a l ( S g = 0 ) .
6 .2  I n i t i a l  and Boundary Conditions
The t i d a l  e le v a t io n  imposed a t  the  mouth i s  c a lc u la te d  by the 
equation
3
t) = X a .  co s(w .t  + 0 . )  (6 .3 )
i= l
where
a^ ■= the  amplitude o f  the  i t h  c o n s t i tu e n t ,  
w^ = frequency,
0£ m phase and 
t  = tim e.
The va lues  of am plitude, frequency and phase o f  the  th ree  
c o n s t i tu e n ts  used a re  as fo llows
i  Amplitude Frequency Phase
(m) (Radians per hour) (Radians)
1 0.3430 0.5059 6.2480
2 0.0786 0.4964 0.2600
3 0.0671 0.5236 5.0310
These th re e  c o n s t i tu e n ts  correspond to  th e  p r in c ip a l  lunar semi 
d iu rn a l  ( l^ )*  la rg e r  lunar e l l i p t i c  (N2 ) ,  and p r in c ip a l  so la r  
sem idiurnal (S2 ) r e s p e c t iv e ly .  These va lues  a re  ob ta ined  from N ational
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Ocean Survey fo r  year 1971 (unpublished d a ta ) .
At th e  downstream boundary, s a l i n i t y  i s  held cons tan t during flood 
t i d e ,  during ebb t i d e  the  d is p e r s iv e  f lu x  AEdC/3x i s  s p e c i f ie d .  This 
term i s  c a lc u la te d  in  the  model based on the  s a l i n i t y  va lues  from the 
prev ious  in te g r a t io n  time s t e p .
I n i t i a l  co n d it io n s  a re  determ ined by l i n e a r ly  in te r p o la t in g  the  
a v a i la b le  f i e l d  d a ta  along th e  e n t i r e  leng th  of th e  r i v e r .
The d isp e r s io n  c o e f f i c i e n t  i s  approximated by
E(x) = e(x)UR5/6  (6 .4 )
U -  the  in s tan tan eo u s  v e lo c i ty ,
R = the  h y d rau lic  rad iu s  and
e = i s  a f a c to r  to  be ad ju s ted  during  c a l i b r a t i o n .
The va lues  o f  e used fo r  James R iver vary  s p a t i a l l y  from 260 a t  the  
mouth to  130 a t  Richmond. This corresponds to  the  maximum d isp e rs io n  
c o e f f i c i e n t  o f  30 to  15 sq .m /sec r e s p e c t iv e ly .
The Manning c o e f f i c i e n t  v a r ie s  s p a t i a l l y  and in c rease s  g rad u a lly  
from 0.026 a t  the  mouth to  0.034 a t  Richmond, where the  channel i s  
narrow.
During the  s im u la t io n ,  node to  node o s c i l l a t i o n s  of t i d a l  
e le v a t io n s  and v e l o c i t i e s  a re  observed a t  a few upstream nodes. The 
e f f e c t s  o f  t h i s  a re  minor, because the  o s c i l l a t i o n s  a re  about the  
so lu t io n  and do no t become unbounded. They a re  b e liev ed  to  be caused by 
the  coarse  g r id  spacings  a t  the  upstream end. Although i t  would be 
p o s s ib le  to  reduce th e  o s c i l l a t i o n s  by using  sm aller g r id  s i z e s ,
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decreasing  the  g r id  s i z e  would mean th a t  a sm aller in te g ra t io n  time step  
would be re q u i re d .  Because th e  o s c i l l a t i o n s  a re  confined to  a few 
upstream  nodes, a compromise i s  made by smoothing th e  r e s u l t s  a t  each 
time s tep  us ing  a smoothing o p e ra to r  as described  by Wang (1977)
where
= v e lo c i ty  a t  node i ,
g
= the  smoothed value  a t  node i ,
W. = v e lo c i ty  a t  the  ne ibouring  node j  ( j  = I j 2 ) ,
= d is ta n c e  to  the  ne ibouring  node j  and 
b “ 0 .5  i s  an a r b i t r a r y  weighting f a c t o r .
The computed r e s u l t s  a re  p resen ted  as time h i s to r y  p lo t s  of t i d a l  
e le v a t io n ,  cu rre n t  v e lo c i ty  and s a l i n i t y  a t  v a r ious  nodal p o in t s .  In 
the  f ig u re s  to  fo llow , the  x -a x is  r e p re se n ts  tim e, w ith  ou tput p lo t te d  
a t  every two hours and time zero being March 1, 1971. The y -ax is  
r e p re se n ts  th e  t i d a l  e le v a t io n s ,  c u r re n t  v e l o c i t i e s  o r  s a l i n i t y .  Due to  
the volume o f th e  model ou tpu t and in order to  p re sen t  the  e n t i r e  e igh t 
month o f  s im u la tion  on one p l o t ,  th e  time sca le s  in  the  p lo t s  a re  not 
f in e  enough to  re so lv e  the  d iu rn a l  f l u c tu a t io n s .  The p lo t s  a re  seen as 
a dark band in s te a d .  The width of the  band i s  a c tu a l ly  the  d iu rn a l  
v a r i a t i o n s .
The computed and observed time h i s to r y  o f  t i d a l  e le v a t io n s  a t  Sandy 
P o in t ,  Jordan P o in t ,  Dutch Gap and Richmond a re  shown in  F igures  6 .4  to  
6.7 r e s p e c t iv e ly .  The comparison between th e  computed and th e  observed
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t i d a l  e le v a t io n s  a re  q u ite  good in  g e n e ra l .  The observed data  tend to  
have more f lu c tu a t io n s  and sometimes have a la rg e r  d iu rn a l  t i d a l  range . 
Continuous c u r re n t  reco rds  a r e  not a v a i l a b le ,  bu t comparison between 
computed c u r re n ts  and some f i e ld  data  p o in ts  shows th a t  the  computed 
c u r re n ts  have the  c o r r e c t  o rd e r  of magnitude in g e n e ra l .  The computed 
cu rre n t  a t  the  same s t a t i o n s  as th e  t i d a l  e le v a t io n  p lo t s  a re  shown in  
F igures  6 .8  to  6.11 r e s p e c t iv e ly .
F igures 6 .12 to  6.17 show the computed and observed time h i s to r y  of 
s a l i n i t y  a t  the  r i v e r  mouth, Newport News, J a i l  P o in t ,  Hog P o in t ,  
Swann's P o in t and Sandy P o in t r e s p e c t iv e ly .  The observed v a lu es  a re  
p lo t te d  as the  v e r t i c a l  maximum, average and minimum r e s p e c t iv e ly .  The 
comparison between the  computed r e s u l t s  and observed s a l i n i t y  i s  very  
good. Note t h a t  F igure  6 .12 is  the  p lo t  of s a l i n i t y  a t  node 1, which i s  
the  downstream boundary node of the  model. The upper l im i t  o f  22 ppt i s  
the  f ix ed  boundary c o n ce n tra t io n  s p e c i f ie d  during  f lood t i d e .  During 
ebb t i d e ,  the  d isp e r s iv e  f lu x  i s  s p e c i f ie d .  This allows a more 
r e a l i s t i c  s p e c i f i c a t io n  of th e  downstream boundary c o n d i t io n s .
F igure  6.13 i s  th e  computed s a l i n i t y  a t  node 4 (near Newport News). 
During the  sp ring  ru n o f f s ,  th e  computed s a l i n i t y  goes a l l  the  way down 
to  ze ro .  This i s  in  g e n e ra l  agreement w ith  f i e l d  o b se rv a t io n s .  Figure 
6.17 shows th e  computed s a l i n i t y  a t  node 18 (near Sandy P o in t ) .  S a l t  
b a re ly  in tru d es  up to  th i s  p o in t  even during the  summer low flow months, 
so t h i s  i s  near the  upper l im i t  o f  s a l t  in t r u s io n  in  1971.
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The non-po in t and p o in t  sources input to  the  water q u a l i ty  model 
a re  ob ta ined  from th e  Chesapeake Bay N u tr ien t  Input Study, EPA (1972). 
These values a re  estim ated  from re g re s s io n  e q u a t io n s .  F igures  6 .18 to  
6.25 show the  non-poin t waste loads used aB inpu ts  in to  th e  water 
q u a l i ty  model.
The p o in t-so u rce s  used in  the  model a re  held constan t during the  
e n t i r e  s im u la tion  p e r io d .  Values of th e  p o in t- so u rc e s  a re  g iven  in  
Table 6 .1 .  Estim ated b en th ic  r e le a s e s  a re  d iv ided  in to  four periods  
corresponding to  sp rin g  (March-May), e a r ly  summer (June 1 -21) , l a t e  
summer (Ju ly  22-August) and f a l l  (September-October) c o n d i t io n s .  The 
va lues  of th e  b en th ic  r e le a s e s  a re  g iven in  Tables 6 .2  to  6 .5 .
A ctual observed d a i ly  s o la r  r a d ia t io n s  a re  used in  the  model. 
F igure  6.26 shows th e  s o la r  r a d ia t io n  measured a t  the  upper and lower 
James River r e s p e c t iv e ly .  These va lues  a re  l i n e a r ly  in te rp o la te d  along 
th e  leng th  o f  th e  r i v e r  fo r  use in each element o f  the  model. Measured
d a i ly  tem peratures a re  f i t t e d  to  an equation  of the  form
T (*C) *= a -  b cos (2 ir(day-c)/365) (6 .6 )
where a ,  b ,  and c a re  th e  f i t t e d  c o n s ta n ts .  This equation  i s  then used 
in  the  model to  c a lc u la te  d a i ly  tem p e ra tu res .  F igures  6.27 shows the
tem perature  a t  the  upper and lower James River as c a lc u la te d  us ing  the
above e q u a tio n .
The water q u a l i ty  model i s  c a l i b r a t e d  by a d ju s t in g  th e  biochem ical 
param eters in  a t r i a l  and e r ro r  manner. To save computer c o s t s ,  the  
c a l i b r a t i o n  o f  th e  water q u a l i ty  model was c a r r ie d  out in  two s t e p s .
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Table 6 .1  P o in t Source Loadings to  th e  James R iver (kg/day)
Element Org-N nh3- n N02-N03-N Org-P Inorg-P CB0DU DO.Def
1 0 0 0 0 0 0 1
2 1063 2679 0 797 1089 23682 635
3 42 146 0 32 45 1211 112
4 162 13 0 0 22 1752 4
5 0 0 0 0 0 0 1
6 432 1250 15 308 1002 9618 269
7 0 0 0 0 0 0 1
8 0 0 0 0 0 0 1
9 0 0 0 0 0 0 1
10 0 51 0 0 172 172 4
11 0 0 0 0 0 0 1
12 0 0 0 0 0 0 1
13 0 0 0 0 0 0 1
14 0 0 0 0 0 0 1
15 0 0 0 0 0 0 1
16 0 53 0 0 46 302 394
17 0 0 0 0 0 0 1
18 0 0 0 0 0 0 1
19 0 0 0 0 0 0 1
20 0 0 0 0 0 0 1
21 0 0 0 0 0 0 1
22 0 0 0 0 0 0 1
23 0 0 0 0 0 0 1
24 0 0 0 0 0 0 1
25 0 0 0 0 0 0 1
26 0 8204 5960 0 0 65788 1
27 254 500 0 191 154 4906 109
28 0 0 0 0 0 0 1
29 0 0 0 0 0 340 1
30 0 0 0 0 0 0 1
31 0 0 0 0 0 0 1
32 0 0 0 0 0 0 1
33 0 0 0 0 0 0 1
34 0 0 0 0 0 0 1
35 0 0 0 0 0 0 1
36 0 0 0 0 0 0 1
37 0 76 0 0 0 1012 123
38 0 0 0 0 0 0 1
39 0 0 0 0 0 0 1
40 984 1971 0 738 598 19059 428
91
Table 6 .2  B enthic R eleases fo r  Spring (kg/day)
Element NH3-N Inorg-P
1 104 0
2 289 0
3 493 0
4 137 0
5 285 0
6 208 0
7 235 0
8 76 0
9 87 0
10 147 0
11 162 0
12 108 0
13 102 0
14 76 0
15 182 0
16 183 0
17 122 0
18 105 0
19 79 0
20 55 0
21 80 0
22 79 0
23 80 0
Table 6 .3  B enthic R eleases fo r  E a rly  Summer (kg/day)
Element NH3-N  Inorg-P
1 119 153
2 331 139
3 563 101
4 157 75
5 325 71
6 238 19
7 269 0
8 87 38
9 99 61
10 167 2
11 185 1
12 124 3
13 117 0
14 86 44
15 208 15
16 209 0
17 139 5
18 120 18
19 90 42
20 63 36
21 92 12
22 91 22
23 91 0
92
Table 6 .4  B enthic R eleasee fo r  Late Summer (kg/day)
Element NH3-N Inorg-P
1 119 17
2 331 15
3 563 11
4 157 8
5 325 8
6 23 8 2
7 269 0
8 87 4
9 99 7
10 167 0
11 185 0
12 124 0
13 117 0
14 86 5
15 208 2
16 209 0
17 139 1
18 120 2
19 90 5
20 63 4
92 1
22 91 2
23 91 0
Table 6 .5  Benthic R eleases fo r F a l l  (kg/day)
Element NH3-N Inorg-P
1 85 0
2 238 0
3 405 0
4 113 0
5 234 0
6 171 0
7 193 0
8 63 0
9 71 0
10 120 0
11 133 0
12 89 0
13 84 0
14 62 0
15 149 0
16 150 0
17 100 0
18 86 0
19 65 0
20 46 0
21 66 0
22 65 0
23 66 0
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F igure 6.26 James R iver s o la r  r a d i t io n  from March X, 1971 to  
October 31,1971, (a) Upper James R iver, (b) Lower 
James R iver.
94
a
e
■si
c%
4-1
CM
4-1
O
o
4 J
CM
\D
oP  Pq P  Pq q
Ox) 3*ruv*3drai
95
F i r s t  th e  model was run to  s im u la te  a sh o rt p eriod  o f time (about two 
m onths), when th e  agreement was good, the  model was then  run fo r  the  
f u l l  e ig h t month p e rio d . Experience from th i s  study has shown th a t  even 
a f t e r  th e  model has been ad ju s ted  fo r  the  two month s im u la tio n , i t  s t i l l  
re q u ire d  co n sid e rab le  adjustm ent to  c a l ib r a te  fo r  th e  e ig h t month 
s im u la tio n . Thus the long s im u la tio n  is  considered  a rig o ro u s t e s t  o f 
th e  param eters used in  th e  model, s in ce  they  have to  cover the
v a r ia t io n s  th a t  occur from season to  season . The s e t  o f b iochem ical
param eters used fo r  th e  f in a l  c a l ib r a t io n  i s  shown in  Table 6 .6 .
F igu res 6.28 to  6.35 show th e  computed w ater q u a li ty  c o n cen tra tio n s  and
th e  observed f i e ld  v a lu e s . In  g e n e ra l , th e  agreement between the  
observed da ta  and the  model i s  good.
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Table 6 .6 C a l ib ra t io n  Parameters fo r th e  James R iver
Parameter Symbol Value U nit
D ispers ion  c o e f f i c i e n t  
R eaera tion  c o e f f i c i e n t
E
k8
15-35
10-30
2 /  m /sec
Coliform d ie  o f f  r a t e  
Phytoplankton optimum growth r a te
not inc luded  in  t h i s  study
k 0.121 1 /d ay /  C £
E x t in c t io n  c o e f f i c i e n t ke 1 .0 1/m
Endogeneous r e s p i r a t i o n  r a t e kr 0.004 1 /d ay /  C
Zooplankton g raz ing  r a te kz 0.004 1 /d ay /  C
M ichaelis  n i tro g en  constan t kmn 0.018 mg/1
M ichaelis  phosphorous co n s tan t kmp 0.006 mg/1
Organic-N to  NH^-N h y d ro ly s is  r a te 0.0025i 1 /d ay /  C
Nitrogen c h lo ro p h y ll  r a t io r n 0.01 mg/pg
NH^  to  NOg n i t r i f i c a t i o n  r a t e k3 0.01 1 /d ay /  C
Organic-P to  inorganic-P  conversion k 5 0.001 1 /d ay /  C
Phosphorus c h lo ro p h y ll  r a t i o r p 0.003 mg/pg
CBOD o x id a tio n  r a t e k7 0.1 1/day
Carbon ch lo ro p h y ll  r a t i o r c 0.05 mg/pg
P ho tosyn the tic  q u o t ie n t kop 1 .4
R esp ira to ry  q u o tien t kor 1 .0
Benthic oxygen demand b8
2
0 .1 -0 .3  gm/m / day
S e t t l in g  and escaping r a t e s  : 
Chlorophyll k 8l 0 .02-0 .041/day
Organic-N ks2 0 .0 -0 .041 /day
Ammonia-N ks3 0 .0 - 0 .041/day
no2- no3- n ks4 0 .0 - 0 .161/day
Organic-P ks5 0 .0 1 -0 .031/day
Xnorganic-P k ,  s6 0 .0 -0 .031/day
CBOD k s7 0 .0 -0 .2 5 1 /day
DO D e f ic i t ks8 0 .0 -0 .381/day
7 NETWORK FORMULATION
In  t h i s  c h a p te r ,  the  fo rm ulation  of th e  network s o lu t io n  i s  
d e sc r ib e d .  With some m o d if ica t io n s  to  the  computer program, the  water 
q u a l i ty  model developed in  chap te r  5 can be used to  so lve  network 
problem s.
The b a s ic  equation  governing the  w ater q u a l i ty  in  an e s tu a r in e  
network i s  the  same as t h a t  fo r  a s in g le  channel (equa tion  3 .1 3 ) ,  but 
a d d i t io n a l  c o n s t r a in t s  a re  req u ired  a t  the  ju n c t io n s .  At the  ju n c tio n s  
i t  is  assumed th a t  th e  c o n cen tra t io n s  o f  a l l  the  nodes connected to  a 
ju n c tio n  a re  com patib le . The c o m p a t ib i l i ty  co n d i t io n  a t  a ju n c tio n  j  i s  
expressed as
C? = C- (7 .1 )
3 3
where
Cj i s  defined  as the  c o n ce n tra t io n  a t  ju n c t io n  j  and
Cj i s  the  co n ce n tra t io n  o f  node n connected to  j .
I t  i s  f u r th e r  assumed th a t  a t  a ju n c t io n ,  the  mass f lu x  is  
conserved, so th a t  a t  any ju n c t io n  j
2 = 0 (7 .2 )
where
(£ = flow of node n in to  ju n c t io n  j .
The s ign  convention a t  th e  ju n c t io n  i s  defined  such th a t  p o s i t iv e
flow i s  towards th e  ju n c t io n .  With these  assum ptions, the  computer
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program can be modified to  handle channel netw orks.
The topology o f  the  network can be desc rib ed  by a c o n n ec t iv i ty  
m a tr ix ;  fo r  example cons ide r  an a r b i t r a r y  network of channels as shown 
in  F igure  7 .1 .
3
4
F igure  7 .1  An a r b i t r a r y  channel network.
Each element i s  designa ted  by an element number, and each node is  
d es igna ted  by a node number as shown. To d e sc r ib e  how the  elements a re  
connected , a two-dimensional c o n n e c t iv i ty  m a tr ix  i s  defined  in Table 
7 .1 .
Table 7.1 C o n n ec tiv i ty  M atrix
Element Downstream Upstream
No. Node No. Node No.
1 1 2
2 2 3
3 2 4
4 3 5
5 4 5
6 5 6
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The terms upstream and downstream a re  a r b i t r a r y ,  th e  so le  purpose 
i s  t o  d i f f e r e n t i a t e  between the two nodes o f  an e lem ent.
Geometric p ro p e r t ie s  a re  s p e c i f ie d  a t  the  two ends of an elem ent. 
For example, u s ing  the  n o ta t io n  o f  su b sc r ip te d  v a r ia b le s  in  FORTRAN, the  
c r o s s - s e c t i o n a l  areas a t  the two ends o f  an element number L a re  
AREA(L,1) and AREA(L,2) r e s p e c t iv e ly .  Other geometric p ro p e r t ie s  a re  
s p e c i f ie d  f o r  th e  two ends in  a s im i la r  fa s h io n .
With th e s e  m o d if ic a t io n s ,  the  element equations  can be assembled in  
a s im i la r  way as desc rib ed  in  ch ap te r  4.
7 .1  V e r i f ic a t io n  of Network Model
V e r i f ic a t io n  of models i s  u s u a l ly  c a r r ie d  out by comparing the
c a lc u la te d  r e s u l t s  w ith  a n a ly t i c a l  s o lu t io n s .  However, s ince  th e re  i s
no a n a ly t i c a l  s o lu t io n  to  network problems in  g e n e ra l .  Therefore  in  
o rd e r  to  v e r i f y  th e  network fo rm u la t io n ,  networks t h a t  a re  
m athem atica lly  equ iv a len t  to  a s in g le  channel have to  be d ev ised .  In  
t h i s  study two such networks as shown in F igure  7 .2  a re  used .
These two networks a re  m athem atica lly  e q u iv a len t  to  the problem as 
d esc r ib ed  in  sec t io n  5 .1 ,  but they a re  re p re sen ted  in th e  computer 
program as network problem s. A f te r  d i s c r e t i z in g  the  networks, the  two 
cases  were ru n .  The r e s u l t s  o f  these  two cases  were found to  be
i d e n t i c a l  to  th e  ones desc ribed  in  sec t io n  5 .1 .  Therefore t h i s  g ives
assurance  t h a t  the  fo rm ula tion  o f th e  network model i s  c o r r e c t .
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8 THE APPLICATION TO APPOMATOX RIVER
This c h ap te r  o u t l in e s  th e  a p p l ic a t io n  o f  the  one dimensional 
water q u a l i ty  network model to  the  Appomatox R iver. The emphasis here 
is  to  demonstrate th e  use o f  th e  model, r a th e r  than  a comprehensive 
study o f  the  phytoplankton dynamics of th e  r i v e r .  F igure  8.1 shows the
lower p o r t io n  of th e  Appomatox River which extends from th e  mouth a t  the
c i t y  of Hopewell to  th e  c i t y  o f  P e te rsb u rg .  This p o r t io n  o f  the  r iv e r  
c o n s i s t s  of two main channels and s e v e ra l  sm aller  in te rco n n ec tin g  
channels ,  forming a ve ry  com plicated netw ork. This p o r t io n  o f  th e  r iv e r  
i s  t i d a l  bu t the w ater  i s  f r e s h .  The dep th  o f  the  r i v e r  v a r ie s  from 
about 9 meters a t  th e  mouth to  about 2 m eters  a t  P e te rsb u rg .  The width 
o f  th e  r i v e r  v a r ie s  from about 700 meters a t  the  mouth to  about 60 
m eters a t  P e te rsb u rg .  C ro s s -s e c t io n a l  a reas  vary from 1,500 square 
meters a t  th e  mouth to  about 70 square m eters  a t  P e te rsb u rg .  The mean 
t i d a l  range is  0 .79  meters a t  the  mouth and 0.88 m eters a t  P e te rsb u rg .  
There i s  a gauging s t a t i o n  a t  Matoaca about 10 k ilom ete rs  upstream  from 
th e  study a re a .  The average f r e s h  w ater inflow a t  Matoaca in  August 
1977 i s  4 .72 cubic meters pe r  second.
The model was c a l i b r a t e d  using d a ta  from an in te n s iv e  survey 
conducted on August 17, 1977. Due to  th e  many u n c e r t a in t i e s  in  the
input waste lo ad in g s ,  i t  was decided  to  u se  t i d a l  average co n d it io n s  fo r
c a l i b r a t i o n .  The p o in t  source loadings used were average v a lu es  of 
samples c o l le c te d  during  th e  survey. The nonpoint source  loadings were
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estim ated  based on th e  c h a r a c t e r i s t i c s  o f  the  a r e a .  The boundary 
co n d it io n s  and waste inpu ts  were he ld  constan t throughout the 
c a l i b r a t i o n  p e r io d .  The model was run u n t i l  a dynamic e q u il ib r iu m  was 
achieved and the  average va lues  o f  th e  l a s t  t i d a l  cycle  was then 
compared w ith the  f i e l d  d a ta .
8.1 The F in i t e  Element Network
Laying out a good network i s  e s s e n t i a l  fo r  an e f f i c i e n t  so lu t io n  
and re q u ire s  experience  from th e  a n a ly s t .  The following a re  Borne 
g u id e l in e s  fo r  lay ing  ou t the  g r id .
(a) Boundaries should be p laced  as f a r  as p o s s ib le  away from the 
a rea  o f  i n t e r e s t ,  s in ce  some in accu rac ie s  a re  to be expected in  the  da ta  
used fo r  th e  s p e c i f i c a t io n  of th e  boundary c o n d i t io n s .
(b) A node must be p laced  a t  every ju n c t io n ,  and th e re  should be a t  
l e a s t  two elements w ith in  any branch .
(c) There should be more elements a t  lo ca t io n s  where co n cen tra t io n  
g ra d ie n ts  a re  expected to  be la rg e ,  fo r  example near wastewater 
o u t f a l l s .
(d) Lengths o f  ad jacen t  elements should change g ra d u a l ly .
Figure  8 .2  shows th e  f i n i t e  element network used to  re p re se n t  the  
Appomatox River in  t h i s  s tudy . A t o t a l  o f  41 elem ents and 38 nodes i s  
u sed . The leng ths  o f  the  elements v a r ie s  from about 320 meters to  1,600 
m eters The downstream boundary i s  a t  node 1, and th e re  are two upstream 
boundary nodes, numbers 35 and 38.
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8.2  Water Q u a lity  Data
Two in te n s iv e  water q u a l i ty  surveys were conducted in  1977, the  
f i r s t  was on Ju ly  14-15, the  second on August 16-17. There were e ig h t  
in te n s iv e  sampling s t a t io n s  (F igure  8 .1 ) .  Samples a t  each s t a t i o n  were 
c o l le c te d  a t  one hour in te r v a l s  fo r  24 consecutive  h o u rs .  At each 
s t a t i o n  samples were taken  a t  1 meter below s u r fa c e ,  mid-depth and a t  1 
meter above bottom when the  water was deep; o therw ise  the  samples were 
taken from m id-dep th . The samples were analysed fo r  the  following 
c o n s t i tu e n ts
(1) c h l o r o p h y l l ' s ' ,
(2) TKN,
(3) ammonia n i t r o g e n ,
(4) n i t r a t e  n i t r o g e n ,
(5) n i t r i t e  n i t ro g e n ,
(6) t o t a l  phosphorous,
(7) orthophosphorous,
(8) CB0D5 and
(9) DO.
In  a d d i t io n ,  Secchi d isk  v i s i b i l i t y  and tem perature were a lso  
measured. Long term CBOD (30 days) were determined fo r  a few samples 
fo r  e s t im a tin g  the  CB0DU/CB0D5 r a t i o .  When n e cessa ry ,  f i e l d  da ta  were 
converted  to  the  model v a r ia b le s  using  th e  fo llow ing assumptions
organ ic  n i t ro g e n  = TKN -  ammonia n i t r o g e n ,
ino rgan ic  phosphorous ** orthophosphorous,
average CB0DU/C0BD5 = 2.31 and
organ ic  phosphorous = t o t a l  phosphorous -  orthophosphorous.
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8 .3  Fresh Water Inflow
There i s  a flow gauging s t a t i o n  a t  Matoaca, approxim ately 10 
k i lo m e te rs  upstream  from P e te rsb u rg .  The f re sh  w ater inflow v a lu es  used 
in  th e  model were es tim ated  from the  measurements a t  t h i s  s t a t i o n .  For 
th e  purposes o f s im u la ting  t i d a l  average c o n d i t io n s ,  the  average flow o f 
August 1977 was used . The inflow  in to  each model element was es tim ated  
by p ro p o r t io n in g  to  th e  drainage a rea  subtended by the e lem ent. The 
e s tim ated  f r e s h  water inflow s were 4 .7  cubic m eters  per second fo r  the  
most upstream element and 5.7 cubic  meters p e r  second f o r  the  most 
downstream elem ent.
8 .4  Poin t Sources
The lo c a t io n s  of f iv e  p o in t  source d ischarges  to  the  lower p o r t io n  
o f  the  Appomatox River a r e  shown in  F igure  8 .1 .  Table 8.1 i s  a l i s t i n g  
o f  th e  waste d ischarges  t h a t  were used as input da ta  fo r  the  model 
c a l i b r a t i o n .  These va lues  were taken  from th e  V irg in ia  S ta te  Water 
C ontro l Board repo rted  monthly average d ischarges  fo r  August 1977 
(unpublished d a t a ) .
Table 8.1 P o in t Source Loadings fo r  the Appomatox River (k g /d ay ) .
Ele Flow Org-N NH--N N0o-N0q-N Org-P Inorg-P CBOD
No. (nrtysec) J Z  J
1 .356 1.7 1.7 .01 0 .5 1.2 23.5
7 .010 123.1
15 .0059 3.67 4.18 0.03 0.83 2.13 56.8
35 .0027 2.80 2.80 0.02 28.0
39 29.96 3.15 250.08 0.94 185.55 214.4
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8 .5  Non-Point Sources
No n on -po in t source da ta  was a v a i l a b le .  However, s in c e  the 
magnitude o f  non-poin t sources i s  known to  be q u i te  large in  g e n e ra l ,  
sometimes even a t  an o rder  of magnitude la rg e r  than  th e  po in t sources , 
th e re fo re  an a ttem pt was made to  e s tim ate  the  amount of th e se  sources 
u s in g  data from ad jacen t r i v e r s .  The e f f e c t s  o f  th e se  estim ates  can be 
b e s t  examined in  the  s e n s i t i v i t y  a n a ly se s .  Two types o f  non-po in t 
sources  i d e n t i f i e d  in  the  s tudy a rea  were the  ex p o rts  from th e  marsh 
a r e a s  tha t  l i n e  the  banks of th e  r i v e r  and th e  urban runoffs  from the 
c i t i e s  of Hopewell and P e te rsb u rg .
Inputs From Marsh A reas: A la rg e  p o r t io n  o f  the  r iv e r  i s  lined
w i th  marshes. The r a t e  o f  n u t r i e n t  exports  i s  e s tim ated  using d a ta  from 
Glebe Gut, a f r e s h  water marsh on the James R iv e r .  Because o f  i t s  
p ro x im ity ,  i t  i s  assumed t h a t  th e  marshes on th e  th e  Appomatox River 
have  s im ila r  c h a r a c t e r i s t i c s .  Sweeney (1978) measured the  amount of 
CB0D5, ammonia n i t r o g e n ,  and TKN exported  to th e  James e s tu a ry  from 
Glebe Gut. The n u t r i e n t  export va lues  on a kg /ha /day  b as is  a re  shown in 
T a b le  8 .2 .
Table 8 .2  N u tr ie n t  Export From Glebe Gut. A f te r  Sweeny (1978).
(kg /ha /day)
CB0D5 NH3-N TKN
0.139 -0 .024  0.106
A n eg a tiv e  s ign  means th a t  th e re  i s  a net import of n u t r i e n t s  to  
t h e  marshes. The inpu ts  to  the  Appomatox R iver were c a lc u la te d  by
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m u lt ip ly in g  th e  va lues  in  Table 8 .2  w ith  the  corresponding  marsh a re a s .  
The marsh a reas  in  th e  Appomatox was p lan im etered  from N a tio n a l  Ocean 
Survey c h a r t  No. 12251. The es tim ated  n u t r i e n t  ex p o rts  to  th e  v a rious  
elements in  the  model a re  shown in  Table  8.3
Table 8 .3 E stim ated  N u tr ie n t  Loadings From Marshes (k g /d a y ) .
ement
No.
Marsh
a re a
(km^)
CB0D5 NH3-N TKN
1 0 .8 11.1 - 1 .9 8 .5
2 0 .2 2 .8 - 0 .5 2.1
3 0.6 8.3 - 1 .4 0.6
4 0.3 4 .1 -0 .7 3 .2
7 0 .3 4 .1 -0 .7 3 .2
8 0 .2 2 .8 - 0 .5 2.1
11 0 .2 2 .8 - 0 .5 2.1
13 0.1 1 .4 - 0 .2 1.1
16 0 .1 1 .4 - 0 .2 1.1
24 0.1 1 .4 - 0 .2 1.1
25 0.1 1 .4 - 0 .2 1.1
27 0.1 1 .4 - 0 .2 1.1
37 0 .2 2 .8 - 0 .5 2.1
36 0.1 1 .4 - 0 .2 1.1
37 0 .2 2 .8 - 0 .5 2.1
Urban Runoffs : The e s t im ate  o f  urban ru n o f fs  i s  based  on the
da ta  o f  Jaworski (1 9 7 1 ) . The v a lues  o f  n u t r i e n t  load ings from an urban 
a rea  on a kg /ha /day  b a s i s  a re  g iven  in  Table 8 .4 .
Table 8 .4  Estim ated N u tr ie n t  Loadings from Urban Runoff (kg /ha /day )  
T o ta l-P  N02-N03-N TKN BODS
0 . 0056 0.011 0.034 0 . 068
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The s u r fa c e  area  o f  the  c i t y  o f  Hopewell immediately ad jacen t to  
th e  r iv e r  t h a t  i s  assumed to  d ra in  in to  th e  r iv e r  i s  estim ated  to  be 
about 30 sq u are  k i lo m e te r s .  These loads were assumed to  spread even ly  
in to  the lower p o r t io n  of the  r i v e r .  The su r fa ce  a rea  o f  the c i t y  o f  
Petersburg d ra in in g  in to  the  upper p o r t io n  o f  th e  r iv e r  i s  estim ated to  
be about 20 square  k i lo m e te r s .  These loads a re  assumed to  spread evenly  
in to  the upper  p o r t io n  o f  the  sou th  branch o f the  r i v e r .  The estim ated  
urban c o n tr ib u t io n s  in to  the  v a r io u s  elements a re  shown in  Table 8 .5 .
Table 8 .5  Estimated N u tr ien t Loadings from Urban Runoff (kg/day)
Element
No.
T o ta l-P no2- no3- n TKN BODS
1 4 .2 8.3 25.5 51.0
2 4 .2 8.3 25.5 51.0
3 4 .2 8.3 25.2 51.0
4 4 .2 8.3 25.2 51.0
34 3 .7 7.3 22.7 45.3
36 3 .7 7.3 22.7 45.3
38 3 .7 7.3 22.7 45.3
The above two types  o f  non-po in t sources were combined as the  t o t a l  
non-point so u rces  and converted  in to  the forms req u ired  by the  model. 
The r e s u l t a n t  t o t a l  non-po in t source loadings a re  shown in  Table 8.6
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Table 8 .6  Estim ated T o ta l Nonpoint Source Loadings (k g /d a y ) .
Element Org-N nh3- n no2- no3- n Org-P Inorg-P CBODU
1 15.3 8.3 3 .8 0 .4 143.4
2 16.7 8.3 3 .8 0 .4 124.3
3 15.8 8.3 3 .8 0 .4 137.0
4 16.5 8.3 3 .8 0 .4 127.3
7 3.2 9.5
8 2.1 6 .5
11 2.1 3 .2
13 1.1 3 .2
16 1.1 3 .2
24 1.1 3 .2
25 1.1 3 .2
27 1.1 3 .2
34 15.4 7.3 3.3 0.4 104.6
36 15.2 7 .3 3.3 0 .4 107.8
37 2.1 6.5
38 15.4 7 .3 3.3 0 .4 104.6
8 .6  I n i t i a l  Conditions
In  o rd e r  to  save computer t im e , the  average in te n s iv e  w ater q u a l i ty  
d a ta  were used as i n i t i a l  c o n d i t io n s .  Values a t  a l l  nodal p o in ts  in  the  
model were estim ated  by in te r p o la t in g  between th e  values a t  sampling 
s t a t i o n s .
8 .7  Boundary Conditions
The downstream boundary co n d it io n s  used were the  average in te n s iv e  
va lues  c o l le c te d  during  Aug 16-17, 1977. The va lues  o f  o rgan ic  phos­
phorous and inorganic  phosphorous which were not measured during th e  
in te n s iv e  survey , were estim ated  from some grab samples taken  during th e  
survey . Upstream boundary co n d it io n s  were es tim ated  in  a s im ila r  
fa sh io n .  The values o f  the  boundary nodes a re  g iven  in Table 8 .7 .
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Table 8 .7  Boundary C o n cen tra tio n s .
Node Chlorophyll Org-N nh3- n N02-N03 Org-P Xnorg-P CBOD DO.DBF
No (ug/1) (mg/1) (mg/1) (mg/1) (mg/1) (mg/1) (mg/1) (mg/1)
1 28.57 0 .81 0.19 0.21 0.1 0.01 7 .2 3.67
35 1.62 1.32 0.38 0.27 0.1 0.01 0.5 4.16
38 1.62 0.23 0.10 0.66 0.1 0.01 0 .5 4.16
8 .8  T ida l E leva tions  and T idal C urren ts
T id a l  e lev a tio n s  and cu rren ts  in  the  w ater q u a l i ty  model were 
c a lc u la te d  using  s in u s o id a l  fu n c t io n s .  The t i d a l  e le v a t io n  a t  each node 
i  in  the  model is  c a lc u la te d  us ing  equation :
= ^ i 6” 1 “ 0i  + Yi.) (8 .1 )
T
where
ni  -  water su r fa c e  above mean water l e v e l ,
b^ = t i d a l  am p litude ,
= phase d i f f e r e n c e  between t i d e  a t  the  mouth and node i ,  
t  = t im e , h r ,
T = t i d a l  p e r io d ,  12.42 hr and
= phase d i f f e r e n c e  between t i d a l  c u r re n t  and t i d a l  v e lo c i ty ,  
assumed c o n s ta n t .
The t i d a l  am plitudes and frequenc ies  a re  ob ta ined  from f i e l d
measurements. T idal e le v a t io n s  were measured a t  two s ep a ra te  o ccas io n s ,
June 27 -  J u ly  20, 1977 and August 8 -18 , 1977. Harmonic a n a ly s is  o f  the
t i d e  reco rd s  has shown th a t  the  sem id iurnal component O ^ )  accounts fo r
more than 80% for the  v a r i a t i o n s .  Therefore  i t  was decided to  use the
sem id iurna l t i d e  in  th e  s im u la t io n .  The measured t i d a l  am plitudes a t
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s t a t i o n s  1 .75 , 14.46, 14.67 and 19.98 (see  F igure  8 .1 )  a re  shown in  
Table 8 .8 .  Tides a t  a l l  o th e r  lo c a t io n s  a re  es tim ated  assuming a l in e a r  
v a r i a t i o n  of th e  t i d a l  amplitude between s t a t i o n s .
Table 8 .8  Mean T id a l  Amplitudes. 
S ta t io n  Date
1.75
1.75 
14.46 
14.67 
20.58
6/27/77
8/09/77
8/09/77
6/29/77
8/11/77
7/20/77
8/18/77
8/18/77
7/17/77
8/18/77
Mean Amplitude 
(m)
0.488
0.378
0.424
0.421
0.381
The t i d a l  v e l o c i t i e s  a t  each node in  the  model a re  c a lc u la te d  B im ila r i ly  
us ing  equation
“ ^ s i n  2ir(t -  0 ^  + Uf i  (8 .2 )
T
where
t  = time (h o u r) ,
= t i d a l  v e lo c i ty  a t  node i  (m /h r) ,  
a^ = v e lo c i ty  amplitude o f  node i  (m /hr) ,
** f r e s h  water inflow  v e lo c i ty  a t  node i  (m/hr) :
uf i  = Q f i /Ai
= f r e s h  water in flow  from the  dra inage a rea  upstream of the  
node i  (m^/hr) and
= in s tan taneous  c r o s s - s e c t i o n a l  area  a t  th e  node i  (m^).
The c r o s s - s e c t i o n a l  a rea  i s  c a lc u la te d  by:
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(8 .3 )
where
= c r o s s - s e c t i o n a l  a rea  below mean t i d e  le v e l  (m^) and
= top width a t  node i  (m).
The amplitudes and frequencies  o f  c u r re n ts  a re  obta ined  from f i e l d  
measurements. Currents were measured during two sep a ra te  occasions; 
July  13-20 and August 11-18, 1977. The c u rre n t  amplitudes measured a t  
s t a t io n s  1 .7 0 ,  5.60 and 10.61 a re  shown in  Table 8 .9 .  The amplitudes 
a t  o th e r  s ta t io n s  a re  c a lc u la te d  assuming a l in e a r  v a r i a t io n  o f  
amplitudes along the  leng th  o f  the  r i v e r .
8.9 C a l ib ra t io n  R e s u l ts .
C a l ib ra t io n  was c a r r ie d  out by a d ju s t in g  the  param eters in  a t r i a l  
and e r r o r  manner. S ta r t in g  w ith  the  i n i t i a l  c o n d i t io n s ,  the  model was 
run u n t i l  a dynamic e q u il ib r iu m  was achieved , the  average values o f  the  
l a s t  t i d a l  cycle  was then compared w ith  th e  f i e l d  d a ta .  This type of 
c a l i b r a t io n  can only re p re se n t  the  average c o n d i t io n s .  The ex ten t  to
Table 8 .9  Mean Current Amplitudes (m/sec)
S ta t io n Ju l  13-20,77 Aug 11-18,77
1.72
5.60
10.61
0.333
0.392
0.346
0.448
0.337
which a model can be c a l ib r a t e d  depends on the  a v a i l a b i l i t y  o f  f i e l d  
d a ta .  I d e a l ly  a l l  the  model param eters should be measured, however, 
due to  the  expenses invo lved , a complete s e t  of measurements i s  seldom 
a v a i la b le  and th e re fo re  in  p r a c t i c e  many parameter va lues a re  derived  
from rep o r ted  l i t e r a t u r e  v a lu e s .  In  t h i s  s tudy , a l l  model param eters 
were derived  from rep o r ted  l i t e r a t u r e  v a lu e s .  During the  c a l i b r a t i o n  
p ro c e ss ,  a l l  param eters were kep t w ith in  th e  rep o r ted  ran g es .  The use 
of l i t e r a t u r e  va lues  g e n e ra l ly  assu res  an o rder  of magnitude accuracy 
fo r  a param eter .  A more r ig o ro u s  a n a ly s is  o f  phytoplankton dynamics i s  
beyond the  scope o f  t h i s  s tu d y .
The l i s t  o f  the  c a l ib r a t e d  param eters a re  p resen ted  in  Table 8.10 
and th e  p l o t s  of the  model r e s u l t s  to g e th e r  with th e  ranges o f  the  
f i e l d  d a ta  a re  g iven in  F igu res  8.3 through 8 .8 .  Model r e s u l t s  in  
g en era l  agree  w e ll  w ith  th e  f i e l d  d a ta .  The only excep tions  a re  the  
values o f n i t r i t e - n i t r a t e  n i t ro g e n  a t  k i lo m e te r  17 on th e  n o r th  b ranch , 
and th e  va lues  o f  o rgan ic  n i t ro g e n  a t  k i lo m e te r  17 on th e  south  b ranch . 
These could be due to  the  es tim ated  waste load ings  were too low.
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Table 8 .10  Water Q u a lity  Model C a lib ra tio n  Param eters.
Parameter
D ispers ion  c o e f f i c i e n t  
R eaera tion  c o e f f i c i e n t
Coliform d ie  o f f  r a t e  
Phytoplankton optimum growth r a t e
E x t in c t io n  c o e f f i c i e n t
Endogeneous r e s p i r a t i o n  r a t e
Zooplankton g raz ing  r a t e
M ichaelis  n i t ro g en  constan t
M ichaelis  phosphorous cons tan t
Organic-N to NH^-N hy d ro ly s is  r a t e
Nitrogen ch lo ro p h y ll  r a t i o
NH^  to  NOg n i t r i f i c a t i o n  r a t e
Organic-P to  inorgan ic-P  conversion
Phosphorus ch lo ro p h y ll  r a t i o
CBOD o x id a t io n  r a t e
Carbon ch lo ro p h y ll  r a t i o
P h o to sy n th e tic  q u o t ie n t
R esp ira to ry  q u o tien t
Benthic oxygen demand
S e t t l in g  and escaping r a te s  : 
Chlorophyll
Organic-N
Ammonia-N
N02-N03-N
Organic-P
. Inorgan ic-P
CBOD
DO D e f ic i t
Symbol Value Unit
E 34 2 /  m /  sec
k 8 10.8
not included . in t h i s  s tudy
kg 0.5 1 /day/ C
k e 0 .4 1/m
kr 0.005 1 /day/ C
k z 0.1 1/day
kmn 0.015 mg/1
kmp 0.005 mg/1
k2 0.007 1/day / C
r n 0.01 mg/pg
k3 0.008 1/day/ C
*5 0.005 1 /day / C
r p 0.001 mg/pg
k7 0.5 1/day
r c 0.05 mg/pg
k 1 .4op
k 1.0or
b8 1.0
2
gm/m / day
k s l 0 .0 1/day
k s2 0.1 1/day
ks3 0.0 1/day
k s4 0.0 1/day
k s5 0.1 1/day
k s6 0 .0 1/day
k s7 0.0 1/day
0.0 1/day
9 EXPLICIT INTEGRATION
The time in te g r a t io n s  used  in  the  p rev ious  ch ap te rs  a re  
im p l ic i t  methods. The im p l ic i t  method i s  t h e o r e t i c a l l y  u n c o n d it io n a l ly  
s t a b l e .  Therefore  la rg e  in te g ra t io n  time s tep s  can be used . However, 
as the  time step  g e ts  l a r g e r ,  the  accuracy  o f th e  s o lu t io n  w i l l  s u f f e r .  
The e x p l i c i t  i n t e g r a t io n  method on th e  o th e r  hand i s  only c o n d i t io n a l  
s ta b le  and the  s i z e  o f  th e  i n te g r a t io n  time s te p s  i s  more r e s t r i c t e d .  
But the  e x p l i c i t  fo rm u la t io n  i s  s im p le r  and r e q u i re s  le s s  computer 
execu tion  tim e. T he re fo re  the e x p l i c i t  method o f f e r s  an advantage when 
small in te g ra t io n  tim e s te p s  a re  r e q u i r e d ,  e i t h e r  because o f  sm all g r id  
s iz e s  a re  used or h ig h e r  accuracy i s  r e q u ire d .
In  t h i s  c h a p te r ,  th e  fo rm ula t ion  using the  e x p l i c i t  in t e g r a t io n  
method i s  d e sc r ib e d .
9.1 F i n i t e  Element Form ulation
In s te ad  o f u s in g  equation  ( 3 .1 0 ) ,  the  fo llow ing  form o f  the  
con se rv a tio n  of mass eq ua tion  is  used
= 1 _  e | £  -  £9. + s (9 .1 )
9 t  9x 9x 9x A
where the  symbols a re  as defined  p re v io u s ly .  The f i n i t e  element 
fo rm ulation  i s  s im i la r  to  th a t  d e sc r ib ed  in  ch ap te r  4 . Using the 
G alerk in  weighted r e s i d u a l  method y ie ld s
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(9 .2 )
where
[K] -  J jS j iC
{F> = [ {(D^- -  S + ^f)6C + EJL 8x A
icasc
The c o n t in u i ty  and momentum equations  a re  derived  s i m i l a r i l y .
9 .2  Time In te g ra t io n  Using the  E x p l ic i t  Method
Using the  e x p l i c i t  i n t e g r a t io n ,  equation  (9 .2 )  i s  w r i t t e n  in the  
f i n i t e  d i f f e r e n c e  form as
The m a tr ix  [K] in  equation  (9 .4 )  i s  time in v a r i a n t ,  th e re fo re  i t  i s  on ly  
necessa ry  to  assemble and in v e r t  i t  once thus  making a la rg e  savings in  
computer execu tion  t im e .
9.3 Model V e r i f ic a t io n
For comparison pu rposes , the  t e s t  problems as de sc r ib ed  in  s e c t io n s
5 .2  and 5.3 were run us ing  t h i s  new fo rm u la t io n .  F igure  9*1 shows th e  
r e s u l t  o f the  model f o r  a co n se rv a t iv e  substance  using  time s tep s  o f  9 
and 4 seconds. F igu re  9.2 shows the  r e s u l t  o f  the  model fo r  a 
no n -co n serv a tiv e  substance  a lso  u s in g  the  same time s t e p s .
(9 .3 )
Solving fo r  {C>n+^
<c>n^  = + iKHc>n_ g ( 9 . 4 )
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The in te g ra t io n  i s  found to  be s ta b le  f o r  time s tep s  a t  l e a s t  up to  
9 seconds. The execu tion  time per time s tep  i s  about 3 times f a s t e r  
than  the  im p l ic i t  v e r s io n .  Therefore  the  e x p l i c i t  i n te g ra t io n  o f f e r s  
advantages when the  s i t u a t i o n  a llow s f o r  i t s  u s e .
10 CONCLUDING REMARKS
A water q u a l i ty  model based on the  p r in c ip le  o f  con se rv a tio n  
of mass has been developed. The m o tiva tion  fo r  t h i s  s tudy was to  
develop a network model th a t  can be ap p lied  to  the Appomatox R iv e r ,  
s ince  no model of t h i s  n a tu re  has been p rev io u s ly  developed. For 
p r a c t i c a l  rea so n s ,  i t  was a p p ro p r ia te  to  develop a non-network model 
f i r s t .  A f te r  t h i s  has been made o p e ra t io n a l ,  the  model can then  be 
extended to  handle netw orks. In  chap te rs  4 , 5 and 6 the  development of 
the  non-network model was d e sc r ib e d ,  the  ex tens ion  to  the  network model 
was desc rib ed  in  chap te rs  7 and 8 .
Some o f th e  f e a tu re s  of the  w ater q u a l i ty  model a re  t h a t  the  
downstream boundary co n d i t io n  i s  r e l a t e d  to  the  s t a t e  of the  t i d a l  flow; 
the  upstream  boundary co n d it io n  can be sp e c if ie d  e i t h e r  as a f ix e d  
co n ce n tra t io n  boundary o r a f lux  boundary; temperature and s o la r  
r a d ia t io n  vary  both  s p a t i a l l y  and tem pora lly ; the  s a tu r a t i o n  growth 
r a t e  o f  the  phytoplankton i s  computed by the  model based on l ig h t  
a cc l im a tio n ;  the  growth r a t e  re d u c tio n  due to  n u t r i e n t  l im i t a t i o n s  i s  
expressed as a product o f  Michaelis-Menton express ions  r a th e r  than  a 
s in g le  l im i t in g  n u t r i e n t ;  e i t h e r  ammonia n i t ro g e n  or n i t r a t e  n i t ro g e n  
can be s p e c i f ie d  as p r e f e r e n t i a l  uptake by phytoplankton .
I t  i s  a n t ic ip a te d  as w ith  a l l  modeling a c t i v i t i e s  th a t  the  models
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presen ted  in  the  p re sen t  study w i l l  be expanded in  th e  fu tu re  to  
in co rp o ra te  a d d i t io n a l  f e a t u r e s .  Therefore  the  computer programs have 
been w r i t t e n  in  a modular s t r u c tu r e  to  f a c i l i t a t e  fu tu r e  changes.
The a p p l ic a t io n  of th e  model to  th e  James R iver has shown th a t  the 
model can be used to  make long term sim u la tions  econom ically . In the 
case  o f  th e  Appomatox R iver the  lack o f  f i e l d  d a ta  made i t  n ecessa ry  to 
s im u la te  t i d a l  average c o n d i t io n s .
From th e  experience gained during t h i s  s tu d y ,  the  fo llow ing  is  
recommended f o r  fu tu re  re se a rc h  :
(1) The r a t e  param eters  used in  th iB  study were a l l  o b ta in ed  from 
l i t e r a t u r e  v a lu e s .  S i t e  s p e c i f ic  measurement o f  some o f  the  r a te
param eters  i s  needed to  add confidence to  the  c a lc u la t io n s .
(2) Models req u ire  a la rg e  amount o f  da ta  f o r  bo th  inpu t and fo r
c a l i b r a t io n  comparison. Therefore a  sampling s t r a te g y  should be 
developed f o r  ob ta in ing  r e l i a b l e  input6 and data  f o r  c a l i b r a t i o n .
(3) At p re sen t  comparison between the  computed and th e  observed
v a lu es  a re  based on v i s u a l  and g ra p h ic a l  in s p e c t io n s .  A meaningful 
s t a t i s t i c  which w il l  a l lo w  d i r e c t  comparison o f  o b served -p red ic ted  
d a ta s e t s  should be developed.
(4) S e n s i t iv i ty  a n a ly s is  should be conducted to  determ ine the 
param eters to  which the  model response i s  most s e n s i t i v e .
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(5) The model should be used to  s im u la te  a d i f f e r e n t  s e t  o f  d a ta  
fo r  v e r i f i c a t i o n .
(6) When the  model i s  used to  make a s im u la tion  over s e v e ra l  
seasons, th e  question  of seaso n a l change o f phytoplankton spec ies  should 
be add ressed , I t  ' s  can be in v e s t ig a te d  by adding a second phytoplankton 
spec ies  to  the  model.
APPENDIX
EVALUATION OF THE ELEMENT INTEGRALS
The in t e g r a l s  in  equations  ( 4 . 1 ) ,  (4 .2 )  and ( 4 .4 )  a re  eva lua ted  
term  by term . In t h i s  Appendix th e  s u p e r s c r ip t  e i s  used to  denote 
element p ro p e r t ie s  and the  symbol E i s  used to  denote summation over a l l
th e  e lem en ts .  For b r e v i ty  th e  symbols dx i s  om itted  in  a l l  the
i n t e g r a l s ;  and the  s u p e r s c r ip t  e i s  a lso  om itted  when no t ambiguous.
The s u b s c r ip ts  1 and 2 a re  used to  denote va lues  a t  the  two end
nodes o f  an element ( s e e  F igure  4 .1 ) .
The in t e g r a l s  in  equation  (4 .1 )  a re
L e
= s {6n>TJ {n>{n}t {b}{n}t | M
e
- Z  {5Tl}T [K*HQe }
/  q 6n -  z /
L e
= E -CSn >T/  {N> qe
e
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= 2 {<Sn}T{F®>
where th e  m a trices
IM^I -  /  {NHN>T {B}{N>T
e
3 B j+  B2  B^+ B2  
12 B j+  B2 B]+ 3B2
where Le = x2~ x^ i s  th e  len g th  of an element (see  F igure  4 .1 ) ,
Next we d e f in e  the  g lo b a l  v e c to r  a r ra y s  as fo llow s 
{<Sq} = union o f  a l l  {5ne )
(n) = union o f  a l l  {rie }
{Q} = union of a l l  (Qe )
Equation  (A l) can be assem bled in to  a s in g le  eq u atio n  in  m atrix
(F®} = /  {N> qeM e
g°Le 1 
2 ,
Equation (4 .1 )  i s  reduced to
{6n>T{ + [k^ H q> -  {F*> } = 0 (Al)
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form
{<$n}T{ [Mn ) | ^ -  + IK^HQ} -  {Fn > > -  0 (A2)
where th e  g lo b a l  m a tr ices  1*^1» an(* a re  obta ined  from the
assemblage o f  the  element m a t r ic e s .  Since {Sq} i s  an a r b i t r a r y
fu n c t io n ,  th e  terms w i th in  the  b ra c k e ts  in  equa tion  (A2) must v a n ish ,
i . e
-  <Fn > = 0 (A3)
E va lua tion  o f  equation  (4 .2 )  fo r  each element e
£ |2 .  fiQ * {6Q}T£ {N>{N>T | M
-  {6Q>T[ M ^ ] |Mx dt
"  {6Q>T/  < {N}{N)T{U>| -^ {-^ - + (N){H>T{Q}^{N}T{U} )^ 3x 3x
= {6Q}T [KQ,HQe }
where U i s  taken  to  be th e  v e lo c i ty  from the  prev ious in te g ra t io n  time 
s te p  •
-  / ( Sa| 2- + g A ^ -  )6Q -  -  <6Q>T/  (g{N){N}T<A)^{N}T{n?
e 3x Ac2Rh P3x e 9x
+f1{N>{N)T{Q} + f„(N>{N>T{A> )1 2 3x
=  { 6 Q > T { F q >
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d e f in in g  :
j s l I L
1 " * p X
d,
2~ ~f 7 =  g - S .  P
where th e  overbar denotes the  average va lues  of the two end n o d e s , fo r 
example A = (Aj+
The m atr ices  a re
I« q1
2 1 
1 2 J
/  ( B f l i ’ t n M 1 + /
4 dX av3x
1 ■-2Dr  U, -2Ul+ U2' ' -20j+2U2 “V V6 L -ur  2U2 U!+2U2. 6 ■ "V U2 -201+2U2
< * q> = - /  (g<R>{N}T<A>^ N} {n} + f 1{M>{N>T{Q> + f 2{N}{N>T{A}|~ - -{p-^ )
6
' -2A 1~ A2 -2A X+
i 
■CM
<
<ne> f l Le ' 2  1 '
A l+ 2A2 \
6
.  1 2 .
_2A1 A2 _2A1+ A2
- A r  ^ 2 Al+ M 2
<P6>
{Q >
S u b s t i tu t in g  a l l  the  i n te g r a l s  in to  equation  (4 .2 )  and perform aing 
the  g lo b a l  assembly o f a l l  th e  e lem ents , the  r e s u l t a n t  eq ua tion  can be 
expressed in  m atrix  form as
' V s 21- *  v « ! >  -  < y  -  °
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Where [M^], [K^l and {F^} are  o b ta in ed  from the  g lo b a l  assembly o f 
a l l  the  elements in  th e  domain L.
E va lua tion  o f  eq u a tio n  (4 .4 ) fo r  each element e
/  A ^  SC = {6C>7 {NHnK U } at
/  ( q| £  + k AC + Cq)SC + /  Ae| ^ - ‘-  = {«C}T/  ( {N}{N}T{ Q } |M - L £ l
e s e e
+ k {N}<N}T{A}{N>T{C> + qe {N>{N}T{C) + Ee {N>J'<A> s
e r „ , T r A, 3{N} {c}3{K> 
3x 3:x
{6C>T[K^]{Ce >
/  W SC = {6C}T/  {N} W® 
e
= {sc}t [f ®3
where th e  m atrices
CMgl « J {N}{N} {A}{K>
Lf
12
3A1+ A 2 Al + A2 
Al + A2 Al + 3A2
Ikc ] /  ( + k {N}{N)T{A><N>T + qe {N>{N}T{C)e dx s
+ Ee {K>T U } | S L | M  )
3x 3x
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1 " 2Qr  Q2 -2Q1+
1
CM
O
' u e
4- —E------
• 3A1+ A2 Al + A2
6
• - V 2(>2 V 2Q2 J
12
■ V A2 > + 3A2 .
, e
+
2 1 + EeA 1 1 -1 ■
6
. 1 2 . Le . -1 1 .
/  (N> We
e
«•
WeLe 1
2
* .
S u b s t i tu t in g  a l l  the  i n t e g r a l s  in to  equation  (4 .4 )  and performing 
th e  g lo b a l  assemblage, again  the  r e s u l t a n t  equation can be w r i t t e n  in  
m atrix  form as
EMcl | i £ U  [KCHC> -  {Fc> = 0
where the  m atrices  [M^], iK^J and {F^} a re  obta ined  from th e  assemblage 
o f  a l l  the  elements in  the  domain L.
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